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1 Gauge Hierarchy Fine Tuning Background

NOTE: This Section 1 is an attempt to explain a somewhat obscure part of Aitchison’s Chap. 1, from the bottom
paragraph of pg. 6 to the middle of pg. 8. However, IMO, it contributes little to an understanding of SUSY, so the reader
can skip it (that part in Aitchison and this present Section 1), if she/he chooses, with little impact on the learning process.

1.1 Photons and Loop Corrections

There is no photon mass term in the QED Lagrangian. From Klauber Vol. 1, second line of (11-31), pg. 293

£m — _%(aVA#aVAﬂ —6VA/‘8,1AV)+1/7(1'}/V6V —m)y +e7y y4, (1-1)
LFHYE,,
no such term — mfA”Aﬂ. (1-2)

/\/\/\/ free massless photon

Figure 1. Free Photon Feynman Diagram

1.1.1 Symmetry of the Photon Terms

In the reference cited before (1-1), after the cited equation, it is shown that the Lagrangian (1-1) is symmetric under
U(1) transformations, but would not be symmetric if a term like (1-2) existed.

Bottom line: U(1) symmetry (gauge invariance) means the U(1) gauge field (the photon) is massless.

1.1.2 Higher Order Corrections

This is true at tree level. Higher order corrections might be expected to modify this.

p
k k
/\/\Om might be equivalent to N X where X is a mass correction.
p-k

Figure 2. One Loop Correction to Free Photon

However, Fig. 2 modifies Fig. 1 because the amplitude for Fig. 2 corrects the amplitude for Fig. 1. But Fig. 1 is not
due to terms like (1-2), but to terms like those in the first parentheses after the equal sign in (1-1). There are still no terms
like (1-2), even with higher order corrections included.

The divergence from Fig. 2 is absorbed into the running coupling constant e(p), and does not affect the massless
nature of the photon.

Bottom line: Symmetry of £ under a U(1) transformation enforces no mass for, and then no mass correction to, the
photon.

1.2 Electrons and Loop Corrections
1.2.1 Symmetry and Asymmetry for the Electron Terms

There is a mass term in (1-1), however, for the electron. With this term, the entire £ is symmetric (gauge invariant)
under the (local) U(1) transformation. BUT, it is not symmetric under a (global) chiral transformation (in spinor space),
i.e., under

v ooy =dy and 5 o =y =y e 0 <y teiar )0 (1-3)
The mass term in (1-1), transforms under (1-3) as
.5 .05 : O B P _
myy — ml//refza;/ }/Oela7 W with _mwf}/oeﬂay &y = —migy . (1-4)

PrH=—yty

The mass term is not invariant (it changes sign).
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The kinetic electron term in (1-1) is, however, invariant under (1-3).

with
yri=—yty’

5 5 _
Fiy oy — iyt 0,V 5 iyt eV Y 5y =iy 8w (1-5)

Homework Problem 1-1: Show that the interaction term in (1-1) is invariant under (1-3).

Bottom line: (1-1) is symmetric under a U(1) transformation, but, due to the mass term, is not symmetric under a chiral
transformation. However, if the electron were massless, then (1-4) would be zero, and (1-1) would be symmetric under
a chiral transformation.

1.2.2 Higher Order Corrections

The kinetic (derivative) term inside the second parentheses after the equal sign in (1-1) is expressed graphically in
the left side of Fig. 3 for a free electron. When we incorporate higher order terms mathematically, part of the correction
comes out as a loop diagram as in the next to last diagram on the right side of Fig. 3, and another part of the correction
manifests as a correction to the mass term, as in the last diagram on the right side of Fig. 3.

real particle for

renormalized m k
L T LAGEE—— F»i:\—“ﬂ—k + o » x »P Xrepresents om, the mass correction
p-

Figure 3. Mass Correction to Fermion

Detailed calculation shows the mass correction proportional to mass and the log of A, which after regularization is
taken to infinity.

om oc amin A (1-6)

So, if mass is initially zero, we get no higher order corrections to the mass. For a zero mass term in the Lagrangian, there
is zero mass at tree level and at all higher order correction levels. In other words, if the Lagrangian (1-1) is symmetric
under a chiral transformation, the electron (or any massless fermion) is massless (at all orders).

Bottom line: Unbroken gauge symmetry keeps gauge vector bosons that are massless at tree level, massless at all higher
orders. Unbroken chiral symmetry keeps fermions that are massless at tree level, massless at all levels.

1.3 Impact for SUSY
The symmetries investigated above enforce a “no mass corrections” effect on particles.

We might, therefore, look for some kind of symmetry that groups scalars (like the Higgs) with either massless
fermions or massless vector bosons. That could protect the mass of the scalar from ballooning upward due to higher order
corrections, which is the gauge hierarchy problem (for the Higgs).

SUSY symmetry is just such a symmetry. It groups the Higgs with fermions (and also the vector bosons with
fermions).

1.4 Solution to Homework Problem

Homework Problem 1-1: Show that the interaction term in (1-1) is invariant under (1-3).
Ans.

LM = ey y 4, (1-7)
From

po =My and o g =yt =yl <y ey repeat of (1-3)

we have

za’)/5 0, v za’)/

T 0y elar 4 oyt N iar 2%

ewy'yA, - eyyy'A =ey (1-8)

eyl I 0y A ey 4, ey 4,
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2 Gauge Hierarchy and SUSY Cancellations

2.1 Higgs Field in the Standard Model
2.1.1 Review of Higgs Symmetry Breaking

Before symmetry breaking, the free Higgs terms in the Lagrangian' are

Liggs =080 9+ 112|479 - 2(4'9) (high energy) 2-1)
For a complex scalar field, the coefficient of —¢'¢ represents the mass squared. For the high energy Higgs ¢, the
mass squared at high energy (before breaking) would therefore be
mq% = —| ,112| (high energy Higgs “mass” squared; m4 imaginary). (2-2)
Generally, however, we think of (2-1) as negative of the potential (which shows up in the Lagrangian) for the field
@, and all particles as massless. All SM particle masses, after symmetry breaking, depend on xand A.

After symmetry breaking, we deal with a low energy Higgs, designated herein by o, which turns out to be a real
(not complex) scalar field. (See Klauber (2021) Chap. 7, summarized in Wholeness Chart 7-8, pg. 240). The mass squared
of that field is

M} = 2| y2| (low energy Higgs mass squared; My is real and positive). (2-3)
The low energy Higgs mass differs from the high energy “mass” of (2-2) by the factor iN2 .

In a Feynman diagram, mass is represented by X. For dashed lines representing the Higgs, this looks like Fig. 1,
which has external Higgses in and out. The term in the Lagrangian for this (at low energy) is shown in (2-4).

H H 7 :_Mz_fzfaa:-|y2|aa H =Mszfaa=|y2|aa (2-4)

- - - _X - - - — o mass o mass

Figure 1. Feynman Diagram Representing the Higgs Mass

Note that the mass squared term in the Lagrangian changes sign as energy falls below the symmetry breaking scale.
We can determine |¢7| (theoretically, or in principle, experimentally) at high energy or at low. In either case, it will be
the coefficient of the Higgs field bi-linear term (either ¢ ¢ or 00), just with different signs in each.

The expectation value (what we measure, symbolized by an overbar) for |£7| is, where we recognize that o creates
and destroys states with a single low energy Higgs particle,

|2|=(o|(u?loo)|o) = e l(o]o|0) = 2ol o) =[] (2-5)
2.1.2 Our Goal: Determine Radiative Corrections to the Higgs Mass

We are looking to find modifications to the contemporary Higgs mass My, or, due to (2-3), |4, caused by radiative
corrections. Radiative corrections typically entail integrations over particle loops, where such integrations are carried out
in principle from —o to +oo energy levels inside the loop. However, practically, one considers the energy levels to be
restricted to values below the Planck scale. In either case, the integration limits are taken as —A to +A, where A can be
taken as infinite, or as the Planck energy, or as some other yet to be discovered level at which our physics changes and
the £ we are using is no longer valid.

(2-1) plus interaction terms in the high energy (false vacuum) Lagrangian (Klauber (2021) (6-48) pg. 176) result,
after symmetry breaking, into terms in the low energy (true vacuum) Lagrangian, (Klauber (2021) pg.251 with Feynman
rules on pgs. 290-293). We will be using these Feynman rules in what follows.

! 42 is taken as positive (real ) in Aitshison (2007) with +/2¢' @ appearing in the Lagrangian. In Klauber Vol. 2 42 is taken as
negative with —2 ¢ ¢ appearing in L. We hopefully avoid confusion by using the term +|¢2|@ ¢ in (2-1). Also, Aitchison uses

A/4, where Klauber uses 4. We opt for the later choice, as we feel it simpler. Appendix A summarizes of the differences in
the two approaches.
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As the reader familiar with QFT should be aware, loop integrations typically result in divergences, to different
degrees (quadratic, linear, logarithmic) in the integration limit A, as that limit tends to infinity. We will examine
corrections to |, and thus to My, from each of these, starting in the next section with the quadratic ones, the most severe.

2.2 Higgs Mass Divergences
2.2.1 Quadratic Divergences

4 Higgs Vertex Loop (Quadratic Contribution)

. \2
The —/1(¢T¢) term in (2-1), part of the high energy Lagrangian, manifests in the low energy Lagrangian as
—%(crcr )4 , and represents a four-particle vertex HHHH as shown in Feynman rule #15-17 of the above cited reference.

Two of the o fields can result in a propagator loop as illustrated in Fig. 2. Note that we have an external Higgs in and an
external Higgs out, as we did in Fig. 1 and (2-5). So, we need to add the amplitude associated with Fig. 2 to that of (2-5)
, to find the physical value we would measure for |£7|. The vertex factor of the afore cited Feynman rule and the scalar
propagator give us (2-6), where A is known from experiment to be approximately Y2,

. h Al 53 3902
! ) —| —i6A| =———d*k |co~-| 61| 22K dk |oo =-671" AN 00 (2-6
H H ( Ikz—m +ie J ( IO k? J (2-6)

—_—————m el -

Figure 2. SM Higgs A Loop
(2-6) contributes a quadratic radiative correction to (2-5). Note that although at low energy, —| 12 | oo in (2-5) and

—%(crcr )4 (which gives rise to (2-6)), have the same signs, at high energy (see (2-1)), the terms have opposite signs. We

are concerned with the high energy corrections to |£7|, so we will consider the difference between (2-5) and (2-6), rather
than the sum. Thus, (2-5) is corrected to become

m:<c7|(|y2|—67z3/1A2)c7c7|c7>=|y2|—67z3/1A2. (2-7)

We can consider the RHS of (2-7) as representing a “physical” x value, which includes the original x term plus the
radiative correction term, and represents what we would measure at high energy from including both in the Lagrangian.
That is,

= | u2| — 675 A2 (2-8)

2
‘ H phys

Essentially, (2-8) replaces |¢/] in (2-1), and hence, our Higgs mass diverges quadratically with A. This effect cascades
into all SM particle masses, as they depend on z (NOW f4phys).

$o-2(4'9) 20,004+ |- 67207 - 2(g%9) (2:9)

[Higgs = 6y¢6#¢ + ‘:u;z;hys

This implies, assuming A is merely large and not infinite, that not only the Higgs mass, but all SM particle masses
should be on the order of A, i.e., far higher than the SM mass scale. This is true unless the two terms in (2-8) are of the
same order. But since z4ns is known to be on the order of the weak scale (10> GeV) and A is considered to be on the
order of the Plank scale (10" GeV), an extraordinary fine tuning would be required. That is, z would have to comprise
17 or so digits, yet only differ from A in the last digit. This is the hierarchy problem, or at least, the first part of the
hierarchy problem. (We need to include further radiative corrections to x to define it completely.)

Note two things. First, (2-8) implies, for |y2 | <67°2A* | that the actual coefficient of # ¢ in (2-1) is negative,

turning the Mexican hat diagram for the Higgs potential energy density into a bowl diagram. That means no symmetry
breaking, as the Higgs field would then be in a stable configuration. That doesn’t work.

Second, if there were new physics at a lower scale than Planck, it would mean our naive Feynman diagrams and
amplitudes should not be integrated to a Plank scale energy, but something lower. If that scale were low enough, then
(2-8) would not be so problematic. The || and AA? terms could be in the same ballpark, and (2-8) would not give us a
hierarchy problem.



7
Fermion Loops (Quadratic Contribution)

There are other contributions to 41,5, however, that also need to be considered. Any fermion f can form loops with
the Higgs like that shown in Fig. 3. See Klauber Vol. 2, pgs 292-293, Feynman rules #15-13 to #15-16, for the particular
fermion f. The vertex factor, ignoring some subtleties for neutrinos (whose mass oscillates), is shown there to be, where
gris the Yukawa coupling and myis the fermion mass,

; Hphys
vertex factor for Fig. 3 Tl gr= _71 mg V= % from symmetry breaking theory. (2-10)
: v | e e o
------------ (o) -m)iz )\ (o =m) i o
2
g

A 1 A
.[ T”{_2]27r3p3dpaa = 7r3g/2‘ _[0 Tr(Iyxq) pdpdudu = 2”3g/2‘A200
p

Figure 3. SM Fermion Loop

Each possible fermion must be considered, so (2-11) must be summed over f. This result is another quadratic
divergence (a series of them, actually) that must be added to (2-7) and (2-8), further modifying our value of 4. Before
doing so, however, we need to consider yet other quadratic contributions, shown in the following sub-sections.

Gauge Boson 4-Vertex Loops (Quadratic Contributions)

Gauge boson loops also make quadratic contributions. See Klauber Vol. 2, pgs. 292-293, Feynman rules #15-19 and
#15-21 for the vertex factors associated with Fig. 4.

' A—ig,, +k K, /m®
For 7 loop: | - g2g"” g”; E— d*k oo
" 2 0 kf—-m"+ie
(2-12)
2
H H high energy range | 8 A 4 373 A2 342
- == - == propagator acts like massless = 7.[0 an’ k'dk \|oo =2g"m"A oo
4 (2-13)
' a—ig,, +k,k, / m* 2,3 -
Z loop: +g2g”"]‘ g”Z 5 d*k |oo ~ 2g271' Aoo
H W\ o H_ 2cos” 6y, O kT—-m"+ig cos” 6y,

Figure 4. SM 4-Boson Vertex Loop

So, we’ll need to add contributions from (2-12) and (2-13) to (2-8), along with (2-11), en route to determining £s,pys,
the radiatively corrected sz

Tadpole Divergences

In a non-renormalized theory, quadratic divergences also arise from amplitudes for what are known as tadpole
diagrams. However, in a renormalized theory, which the SM is, tadpole diagram interactions make no contributions and
can be ignored. So, we ignore them here.

Nature of Divergences

Note that all of the divergences shown in Figs. 2 to 4 are quadratic, i.e., have energy scale A2. Together these give
us a quadratically corrected |27

HHHH HHf +HHf HHWW ez
- 2 2 3,42 32,2 230, 287 o
from quadratic terms ‘:uphys :|y |—67Z' AN +Z272’ grA +28° AT +—5—A
s cos” Oy (2-14)

:|y2|— 672’3/1—2271'3g12f—2g2n'3 [l+ ; ]]Az.
f
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We know ggnys from experiment to be about 88 GeV (s =My / V2 %125 //2GeV ), with order on that of the

weak scale ~107. And in the SM, we have no intermediate new physics (no symmetry breaking) between the weak and
Planck scales, with the latter ~10'8. So, the order of magnitudes in (2-14) can be expressed as

2 2 3 3 2 2.3 1
‘/uphys :|,u |— 6r ﬂ—zzﬂ' gf—2g T {14‘7] A2 . (2-15)
— I cos” Gy
~10% ~102
~10" ~10' ~10%

Call this X2, which has order ~10*° and is positive

In order to get the 4,5 We see in nature, the constant || has to be greater than X2, but equal it to up the 36™ digit.
Only then does subtracting the two give a quantity of order 10*. Put another way, nature had to pick a constant |z that
matches the radiative corrections to 18 digits, in order to give a f4ys of order 10%. This, to say the least, is unnatural.

In other words, we would expect 45,5, and thus the contemporary Higgs mass My, to be on the order of the Planck

scale, due to the huge radiative corrections. But it is not. This is the biggest part of the gauge hierarchy problem in all its
(infamous) glory.

2.2.2 Linear Divergences
There are no linear divergences for radiative corrections to the Higgs mass — no terms with factors of just A.

2.2.3 Logarithmic Divergences
There are logarithmic divergences, as we show in the following.

3 Higgs Vertex Loop (Log Contribution)

Higgs 3 vertex terms lead to additional corrections dependent on the logarithm of energy level. See above cited
reference, Feynman rule #15-18, where the vertex factor is — i6Av.

{(—16/11/)2 '[{((k,, _k)zi_ mz)”g][kz —niz +ig]d4k]aa

2
|/u phys

- ~ [36/121/2."/\i4 27° k3dkj oo =121 A InAoo (2-16)
0k

M2
= 727r3ﬂTHlnA0'0' =187°AM}, InAoo
Figure 5. SM 3 Higgs Vertex Loop

Note this correction varies with the log of A, rather than its square, unlike (2-6), (2-11), (2-12) and (2-13).

Gauge Bosons with Higgs 3-Vertex Loops (Log Contributions)

The appropriate vertex relations represented in Fig. 6 are shown in the above cited reference as Feynman rules #15-
20 and #15-22. The resulting amplitudes are logarithmically divergent.

2 2
j -8, tk,k, /m — o™ K K/ m?
W loop: [égzvj J S - Vz [ gk2+k2k /m ]d“k oo
k. —k) — +ie —-m-t+ig
_H_ H_ (CRUNEY (2-17)
a2 s M}
~— g_Vin427z3k3dk oo =— 2g“"’—hy7z3 InAoo = —n'g*~—LInAoo
4 ok A A
H H 7. (—i g%]z‘[ ~Zuy +huk, {‘gﬂv HKIR ]d“k oo
[ — - 2 2 P . 2 _ 2 .
2cos” 6y, ((kH_k) —m )+zg k*—m” +ie (2-18)
4.2 4 2
~— #IA%M%% oo =—n’ g4 Miy InAoo
4cos” Gy, 0 k cos” G, A

Figure 6. SM 2 Bosons with Higgs Vertex Loop



2.2.4 Impact of Logarithmic Divergences

Log corrections to z are nowhere near as impactful as quadratic divergences. Indeed, 10! is quite a different animal
from In 10" = 44. Nevertheless, the log terms contribute, when one considers the other factors the log factor is multiplied
by, on the order of 10* to |z4nys|. As we learned in QED, there are ways to tame log corrections (by renormalization in
QED, for example). However, there are circumstances, such as GUTs, where they can become problematic.

In general, the primary concern is with quadratic divergences, but we need also need to keep an eye on the
logarithmic ones, whose impact is, relatively speaking, far less, but nevertheless can be difficult to reconcile.

2.2.5 Physical g with Quadratic plus Logarithmic Corrections

For all corrections, quadratic plus logarithmic, up to second order, we need to add (2-16), (2-17), and (2-18) to
(2-14)

4
=|y2|— 6m°A =Y 2n°g} —2g° 1 1++ A+ MEr|18a- 5 1++ InA. (2-19)
f 4 cos” Oy A cos” Oy

2
‘,uphys

Note that the first log term is positive, and as one sees after plugging in numbers for the various constants, is an
order of magnitude greater than the final two log terms combined. So, the log terms add to |44, whereas the quadratic
ones subtract from it. All in all, a mess. And all together, the gauge hierarchy problem.

2.2.6 Other Considerations
2.2.7 Corrections to Higher Order

We have, of course, only dealt with second order corrections up to here. For a complete analysis, one would have
to include higher order corrections, as well. Any solution to the hierarchy problem would need to handle corrections at
all orders.

2.2.8 Low vs High Energy Analysis

We have worked with the low energy (after symmetry breaking) Feynman rules, with associated low energy
propagators. These propagators have mass terms in them, but above the electroweak symmetry breaking scale, particles
have no mass. In the loop integration analyses herein, however, we ignored the mass terms because they became
insignificant over higher energies, which comprised, for all practical purposes, virtually the entire integration range.
Additionally, contributions from portions of the integral over high energy dwarf, by an enormous amount, the
contributions from lower energy.

Further, we used propagator expressions for low energy weak boson gauge fields /# and Z, rather than for the high
energy SU(2) and U(1) vector gauge fields W', W?, W3, and B. However, since the former fields are but linear
combinations of the latter, the result either way is the same, i.e., (2-19).

2.3 Naive Power Counting vs Proper Regularization

We have used the cutoff regularization method (see Klauber (2013) Chap. 15, summarized in Wholeness Chart 15-
2, pg. 397) to evaluate the divergent integrals. But as noted in the cited reference, the cut-oft method doesn’t work,
primarily because it is not Lorentz nor gauge invariant. (See the cited reference for details.) In fact, for interactions like
that of Fig. 3, the true divergence turns out to be logarithmic, rather than quadratic, which the naive power counting of
the cutoff method gives us.

This brings up the non-trivial concern that the quadratic divergences cited above, and the concomitant position that
the Higgs mass should be of Planck scale energy, may not, in the final and correct analysis, be valid. This position is to
be found throughout the literature, but one familiar with photon self-energy in QED will have serious difficulty buying
into it.

Nevertheless, for the time being, we proceed in the following with the traditional rendition of gauge hierarchy.
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2.4 Supersymmetry and Gauge Hierarchy

2.4.1 Supersymmetry Contributions to Higgs Mass Corrections

As the reader should be aware, supersymmetry (SUSY) adds a SUSY boson (sfermion) for every SM fermion and
a fermion (bosino) for every SM boson. Couplings (constants and interactions) for the SUSY spartners mirror those of
the SM partners. Masses of spartners equal those of their SM partners above some presumed SUSY breaking scale.

2.4.2 Higgsino Loop

Consider A as a Higgsino (fermionic), where M 7 =M (see Appendix B for final relation)

o H A _(_TégHﬁﬁ)zjg\Tr[((k—% )l—m)+i8J{(f’ —rln)+ig]d4p /e

2
_| uaf (A 1 33 f1_~ 32 2t
N{T Tr[? 27 p dp |99 =27"g NP9

(2-20)
0

Figure 7. SUSY Higgsino Loop

2.4.3 Sfermion Loops

There are other contributions to 41,5, however, such as the fermion loops of Fig. 3, which manifest as the sum over
fterm in (2-24). These might be cancelled by other SUSY amplitudes/diagrams, such as that shown in Fig. 8, where f

is bosonic, a SUSY partner of a standard model fermion. We get a similar result as in (2-6) but with a different constant

AHHE in place of A.

. i 4 N Al 3.3
B | =625 [ 5 ——d*k oo = | 64,5 [ 527K dk |oo
Fn k“—m” +ig k (2-21)
’ \
[_—]___':“:/___[:] :_67[3’1HH5‘A20'O-

Figure 8. SUSY Sfermion Loop

2.4.4 Gaugino Loops

In SUSY one might have loops of winos and zinos, as shown in Fig. 9, with concomitant contributions to the Higgs
mass as in (2-22) and (2-23).

___{—I__ __I—_I__ _ 2 A 1 1 4 1
( gHWW) I Tr - ¢
V2 O ((k=p )-m)+ig | (F —m)+ie (2-22)
=2 g i A4
H H
------------ ~ 208755 N g (2-23)

Figure 9. Weak Gaugino Loops
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2.4.5 Adding SUSY Terms to Mass Correction

The |42| factor of the ¢ ¢ term in (2-1) is thus, in SUSY, modified by adding (2-20), (2-21), (2-22), and (2-23) to
(2-19).

gy AR A HIH HHff s —BEL_\ W HWW HZZ+ HZZ
2 2 - 342 uadratic
‘/uphys =|zu |_ gHHH ng +Z3 HHfF g 1 + COSZHW 8wy Y& 27°A% 1 terms
4
1
+ 184 -8 1 + Mz inA. « tekr)ris

muacan | gwicww . €05 O

HZZ+HZZ

(2-24)

If 34 = glzﬂyg , we would get cancellation of the first two divergent terms in the top row of (2-24). That is, Fig. 7
would cancel Fig. 2. If 34, HH g 7 » the next two divergent terms would cancel. That is, Fig. 8 would cancel Fig. 3. If
g =gy and g =cosby g,,>> , then the last terms in (2-24) would also cancel. In SUSY, one finds, after considerable
analysis, that this can indeed be true. The signs in (2-20) to (2-23) are critical for this cancellation.

We still have log terms to worry about, but one can see that cancellation of terms can occur in SUSY that could
eliminate, or at least ameliorate, the gauge hierarchy problem.

2.5 Problems?

In the standard model, there are no vertices like that of Fig. 8 for SM particles, i.e., no HHff vertices. So, why should
one expect vertices in SUSY like HHﬁ’ ? See Klauber, Vol. 2, pgs 292-293, 251, and 176, for a summary of Higgs
vertices in the SM.

And as mentioned in Sect. 2.3, divergences, such as the fermion loop in boson propagation are naively quadratic,
and that is assumed herein, but when fully evaluated, are only logarithmically divergent.

2.6 Appendix A. Comparison of Symmetry Breaking in Aitchison and Klauber
See Wholeness Chart 2-1 on the next page.
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Wholeness Chart 2-1. Symmetry Breaking in Aitchison vs Klauber
@ is high energy Higgs doublet (complex). ois low energy singlet (real)

Entit Typical Scalar Higgs Scalar in Klauber Higgs Scalar in Aitchison Difference/Comment
Entty Aypical Scalar
_ _ 4 i 4) 0 <0t >0
Fopatof |5, o Viassrn =19 9+ 2(4'9) i Ay | RO K
Potential mass 2| i\ mass+4 4 2. = Zaitch
=—|’lg'g+a(4'9) =y
b alst4) .
# ¢ Part of o Liassir =—H @'¢ i(¢ ¢) Lo - ﬂ2¢*¢_i(¢*¢)2 @ is complex
Lagrangian mass 2 mass 4 m =y (nat. units
grane =|u?[gg - 2(¢'9) pu(nat. umits)
}1:/.13}818’ m* >0 4= high energy mass iy = high energy mass
1g L
energy m real (£ <0 uimaginary (>0 ureal
Mass M2>0 Mpy = low energy mass Mpy = low energy mass
) unitary gauge
low energy | M real >0 My, =247 =~2|4] My, =247 =\2u=2|4]
Mass term, M My, B T .
low energy [;nass - _T¢¢ [amass =- > o0 = _|,U |O'O' [amass =— ) oo —_|ﬂ |O'O' o1s real
Pmi N/A 6 =v= e |4 § == 208 _ V2|4
A N V2 N i gien
. N/A v |44 b 2|4 _ |44 _ |4 | v is same for both; @i
A MK} \/AAM \/AA”Ch /4 | 1 defined differently
Ay
Myinv, 2 | N/A M2 =2|2| =22 2 M2 =2|| = Sk =0 g | See (13) [3] Aitehison
Because Aitchison uses A/4 instead of A, he needs to define @, differently to get the same v value.
In summary, the two approaches define the £ term in the Lagrangian with opposite signs and A different by a
Bottom factor of 4. The same |z and v are obtained in both, but one needs to exchange Aitchison’s A/4 for Klauber’s A to
line: get all parameters like particle masses to agree in the two approaches.

@min 18 not used to determine low energy parameters, as they are expressed in terms of y, A, and v, so one does not
need to work with @y, But, @i, differs in the two approaches by a factor of V2.

In QFT, a real scalar mass squared term differs from a complex scalar by a factor of 2.

2.7 Appendix B
For RHS of (2-20),

1 (k+m)*

K2+ 2km + m?

_l/éz+2l/ém+m2

_kz+2lém+m2

E-m)?  k-mPkem)’ (G- E+m) (82 —m?)

(x? —mz)2

(2-25)

The denominator is just a number, so only consider trace of numerator. Trace of a single gamma matrix is zero, so middle

term in numerator drops out.

2 2 2 2
jOA Tr{%}d“k ~ jOA Tr[ k= tm }c3dk
(k% - m?) (

high

k> —m? )2

energy

A
[ (ljk%zk ~ A2 (2:26)
0 k2
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3 Infinitesimal Lorentz and Rotation Vector Transformations

3.1 Boost
’ 1 v ’ 1 v ’ ’
' =——(ct—%x X' = (x—%ct y'=y z'=z (3-1)
\ll—vz/cz( ¢ ) \ll—vz/cz( ¢ )
E/e | | 1 —v/c 1 E/e E'/c E/c
\/l—vz/c2 \/l—vz/c2 1 -v/c
1 —-v/c 1 ! 1 —-v/c 1 !
p _ p v<<c p _ p (3-2)
) \/l—vz/c2 \/l—vz/c2 , , 1 5
4 1 p 4 1| »
3 1 3 3 3
- -\ P p p
Forv/ec <<1
' 1 1.1 n . VE 1 V' E 1 V! mcz 1 1 V!
E'=E-vw =E-vp p=p-———=p-———=p ————=p —my —<<1  (3-3)
cc cc c ¢ c
More generally,
E'=E—veop p' =p-mv Y <1 (3-4)
c

For notation, sometimes we find = (', V%, V) used. So, for low velocity,

E'=E—-np p'=p-mny Y <1 (3-5)
¢

For natural units, where ¢ = 1, and £ = m,
E'=E—nep p'=p—nE v<<l  Aitchison (2.16) [20] (3-6)
3.2 Reotation

See Klauber, Vol. 2, (2-13), pg. 13 for the general rotation matrix, where the angles are successive ccw
transformations about the axis labeled by the subscript on 6. (To be precise, & occurs first, 6, second, and & last.)

E'/c 1 E/c
. ~ cos 0, cos 6, —cos 0, sin 6, sin 6, P 37
p” cos 6, sin6; +sin 6 sin6, cos 0 cos 6 cos Oy —sinf, sin6, sin6; —sin, cosb, || p*
" sin@, siny —cos 0, sin0, cos 0,  sin, cos 0, + cos 6, sinb, sin@;,  cos b, cos 6, »
For infinitesimal rotations, i.e., & — 0, we have (Klauber, Vol. 2, (2-14), pg. 14)
E'/c) E/c
1 1
p 1 -6 6 p
R P , 6 <1 . (3-8)
p ¢ 1 6| p
p!3 _92 01 1 p3
E=E  pl=-0p"+6p p’=0p-6p° p°=-0p+6p". (3-9)
The @, are really contravariant, so we should represent them by 6. Doing that we can write (3-9) as
pl="0'p* - p'=6xp 0 <<1. (3-10)

If we define a vector £= (-6, —6h, —6), then (3-9) and (3-10) become

E'=E p =—exp g <<1 Aitchison (2.15) [20]. (3-11)
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4 Spinor Transforms in QFT

Page numbers and equation numbers with dashes in them below reference those in Klauber, Student Friendly QFT
Volume 1, Basic Principles and QED, and Volume 2, The Standard Model. Be aware that notation is different from
Aitchison, as explained earlier in this document. At the end of this Sect. 4, we will convert the result to Aitchison notation
for use with that text.

4.1 Background
4.1.1 Weyl Representation Relations
In the Weyl rep, from Vol. 2, pg. 138,

; w1
WV/{W"’R} e, (4-1)

wW w3

w¥4

where the Weyl spinor is composed of a two-component left chiral (L superscript) spinor (also called an L Weyl spinor)
and a two-component right chiral (R superscript) spinor (also called an R Weyl spinor).

Weyl rep gamma matrices, from vol. 2, pgs. 136 and 160, are
1 1 —i 1
0 1 1 1 2 i 3 -1

wY? =1 wl = 1 wl = i wr =
1 -1 —i
(5-10) and (5-88)

4.1.2 Lorentz Transformation Group for Spinors

A general Lorentz transformation of spinors, including 3D rotations and boosts, is effected by the operator D, as
shown in Vol. 2, pg. 153, LHS of (5-64) (and Vol. 1, pg. 171, (6-21))

y'=Dy , (4-2)
where, in Vol. 2, pg. 153, RHS of (5-64) (or Vol. 1 pg. 171, eq (6-22)), we stated without proof,
(rkok 2k
-l ef +m

p=e ¢) Klauber Vol 2 (5-64)
F = —%g,-jk;/i;/j, o = (6’1,6’2,6’3), MF= —%yoyk, Qk = (vl,vz,v3) . Klauber Vol 2 (5-65)

rotation boost velocity comps

angles
forv <<1

Note that (5-65) is for low velocities (and this is a correction listed in the corrections lists). For boost velocity a
substantial fraction of the speed of light, Qk takes a more complicated form. See the appendix herein.

4.2 Proofs in References

Relations (5-64) and (5-65) of Vol. 2 above are proven in the references of the footnote on the cited page of Vol. 1
(and also in S. Coleman, Quantum Field Theory, Lectures of Sidney Coleman, World Scientific 2019, pgs. 369-377), but
they are done first for the LC spinor field in its own SU(2) space, then for the RC spinor fields in its separate SU(2)
space. As can be seen by comparing the following with those derivations, (5-64) and (5-65) above express the same
results in 4D spinor space instead of two separate 2D spaces.

4.3 3D Rotations

Dropping the W subscripts on the gamma matrices, but remembering we are working in the Weyl rep, we have, for

a rotation only, without boost, from (5-64).

ok ok
D=et9 (4-3)

where, from the LHS of Vol. 2 (5-65),
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le—%(y27/3—7/37/2) L2:_5(737/1_7/173) L3:—%(7/17/2—7/17/2). (4-4)

From Vol. 1, pg. 414, where the commutation relations for gamma matrices are shown, we have

3_ i( 02 12)_ |03 _ 1
£=-4(y'y M)—[ GJ— 0{ 1}

(4-5)
b= [ 01}_ G{ 1} b= [ 02}_ 02{ 1}’
P 1
or, generally, L' =—0y L (4-6)
So, (4-3) becomes
- [1 }ek

Sk ok 10}

D=¢L0 _, ! (4-7)

For small rotations

io, ! LA L
Dy =e [ 1}9 |:WR]z[I+iO'k|:l JMJ{VIR] (4-8)
v v

and the effect of a rotation on the R Weyl spinor is the same as that on the L Weyl spinor.

As noted, this effect is typically derived in texts separately on each of the two SU(2) spinors w’ and &, each in its
own SU(2) space. Here, we have shown those relations in the full 4D spinor space of QFT.

4.4 Lorentz Boosts

From Vol. 2 (5-64) with boost, but no rotation,

D=e¥7? (4-9)
where
1 1 [ -1 )
1.0.1_1 1 1 _1]-1 _1| -0
277 =2 -1 ) 1_2[ o
1 -1 I 1 -
1] —i | [ i _
1,02 _ 1 1 i _ 1| _1|-o )
277 =2 i ~2 —i‘z[ s (4-10)
1 L ] L i -
1 1 -1 _
1,03 1 1 -1|_1 1 _1|-o
277 =34 -1 =3 1 —7[ s
1 1 -1 -
Or, generally,
—0, 1
%yoyk:%[ k o—,j:_%ak[ _1] (4-11)

For a small boost, from Vol. 2 (5-65), (4-9), and (4-11),

1
0k k 20k

1 } P
1 ek v 1
D=e 77" =¢ L zl+%0',{ Jvk V1. (4-12)

so, from (4-1), (4-2), and (4-12),

10k k L] 1 L
Dl// =e 2}/ rv |:l//R z[[+%0'k|: 1:|ij|:WR] vk < 19 (4-13)
78 B 4

and the effect of a boost on the R Weyl spinor is the opposite of that on the L Weyl spinor.

As is the case for rotation, this effect is typically derived in texts separately on each of the two SU(2) spinors y*
and w*, each in its own SU(2) space. Here, we have shown those relations in the full 4D spinor space of QFT.
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4.5 Visualizing the Transformations

In this section, we show a heuristic visualization of a particle undergoing first a rotation and then, a boost. But, we
should first note one thing about spins and momentum of RC (right chiral) and LC (left chiral) fermions.

4.5.1 Spin and Momentum of RC and LC Particles
From Vol. 2, pg. 139, (5-20), we know that the spin operator in the Weyl rep has form
1
Xy =

1
1 1 (4-14)

-1

So, the action of (4-14) on (4-1) is the same on the top two components (LC) of i, as on the bottom two components
(RO).

; ¥
_1| -1 voi_1 -1 ) )
Ly =5 1 L’R} > 1 v, (4-15)
-1 -1y,

At speeds approaching the speed of light, chirality is the same as helicity. Consider, in that case, RC and LC particles
to each have spin aligned with momentum p. From (4-15), they will have the same spin. But, at the speed of light, RC
and LC particles are also RH (right hand helicity) and LH (left hand helicity) particles, so if they have the same spin,
they must have opposite direction momentum.

We can generalize to any speed. That is, RC and LC particles with spin in the same direction have momentum in
the opposite directions. We show this in Fig. 4-1 of the following section.

4.5.2 3D Rotation Visualization

In the top part of Fig. 4-1, we show RC (right chiral) and LC (left chiral) fermions at almost the speed of light,
where 1) the spin virtually aligns with the momentum direction and pointing (RH rule) to the right (see Vol. 1, pgs. 95-
96) and 2) helicity and chirality are essentially the same, i.e., the RC particle has RH (right hand helicity) and the LC
particle has LH (left hand helicity).

In the lower part, LHS of the figure, we show RC and LC particles at speed much less than light, so spin does not
align with momentum direction. The chirality of the particles remains the same, but the helicity changes (and the particles
are no longer in helicity eigenstates).

% o—=x
WL _p_<444{}44,'_s
v=cC
Helicity = chirality
S S
yr O—>/ p O//l' ®
S
s 0
wl -p - O/ ‘/O

v<c -9
Helicity # chirality

Figure 4-1. Heuristic Visualization of Fermion Rotation Transformation
In the lower part, RHS of the figure, we have rotated our reference frame. Note that both the RC and LC particles

are affected in the same way, as we noted at the end of Sect. 4.3. The relationship between the spin and the momentum
stays the same for both particles.
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4.5.3 Boost Visualization

In Fig. 4-2, we show the same particles on the LHS as in the lower part LHS of Fig. 4-1. But note that when we
boost both particles in the same direction, the momenta changes in opposite ways (one gets greater, the other lesser).
Further, the spins change in opposite ways, as well. For an increase in momentum, spin gets closer to aligning with the
direction of momentum. For a decrease in momentum, spin gets further from such alignment.

wr O !-S
P
l//L _p<—Q—»S

v=cC
Helicity = chirality

S
S
l//R O/—/>p O4>p+Ap

S
wt -p<—o/ -p +Ap <_@/

v<ce
Helicity # chirality

Figure 4-2. Heuristic Visualization of Fermion Boost Transformation

So, a boost transformation of an RC particle has the opposite effect of a boost on an LC particle, as we noted in
Sect. 4.4.

4.6 Note on Derivation

Note that we have not derived the transformation of Vol. 2 (5-64). That is done in the references of the footnote of
Vol. 1, pg. 171, and the derivations are long and complex. What we have done here is justify (5-64) of Vol. 2 to some
degree in order to gain some intuitive level of comfort with the relation.

4.7 Summary and Notation Comparison

We can combine the small rotation transformation of (4-8) with the small Lorentz transformation of (4-13), and
express the result in terms of the LC and RC Weyl fermions separately, as

V/rL (1+i0'k9k +%O'kvk)l//L .
~ Vvl (4-16)
(1+io-k9k —%O'kvk )t//R

'R

7

For Aitchison’s notation (where he takes the LC field in the bottom position of the column vector and the RC field
in the top position), we have

Aitchinson Aitchinson
ph ——s g pt ——sy

k Aitchinson

g __Aitchinson ye SO s g (bold = 3-Vect0r) (4-17)

——

£

2

L R
|:‘/’ :| Aitchinson |:‘/’ :|:|:‘//:|
v’ vi] Lx
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so, for Aitchison notation,

b
v 11D
X =1+ ie-g +77-g b =[V l]a;(;,
LC Weyl field 2z 2

: infinitesimal, a,b = 1,2 (4-18)
rotation  boost/,
simpler form — y'=V"y
i o o\ b
W'a — 1+ i&"- _ 77°_ l//b — V;l//b
RC Weyl field 2 2 infinitesimal, a,b = 1,2 (4-19)
rotation boost /p

simpler form — ' =Vy
4.8 Appendix

The equivalent of Klauber Vol. 2 (5-65) for V" a substantial fraction of the speed of light is more complicated. We
start by assuming that in our coordinate system, x° is aligned with the direction of the boost v, and defining a parameter
@via

1 v

sinh¢ =
NI NI

Then, Q]‘, which we state without proof (see earlier cited references), is

0°=(0,0,9), (4-21)

cosh¢ = tanhg =v . (4-20)

And Vol. 2 (5-64) is

D e—i(LkG)k Mok e—i(LkG)k w303 _ e—i(LkG)k M) . (4-22)
This can be generalized to
(kak oy ok gk
Do e—z(L ok ik g ) 423)
where there are three ¢/‘ for the general case of three components W,
In the limit of small v, from (4-20),
sinh ¢ = —— : vl sinhg~@~v, (4-24)
1-v
And (4-22) becomes
D =itk ndy) _ ilifek) 50 ’ (4-25)

which we can generalize to Vol. 2 (5-64) with Vol. 2 (5-65) and (4-12) as

kgh) 1,0k k
(fo )e T k (4-26)

D=e! Vo,



5 Spinor Space Notation, Metrics, and Transformations

5.1 Wholeness Chart 5-1. Metrics and Invariants in Different Spaces
—i
Note: o0, = { . } Also: using QFT spacetime metric form, not usual special relativity theory (SRT) form.
i
Math Entity 3D Space, Cartesian 4D Spacetime, Minkowski, QFT | 2D Spinor Space, Weyl Rep, LC Comment
Typical vector notation xandx; ij=123 xMandxy pv=0,1,23 yaand ' ab=12 Not doing RC spinors yet.

Which is true vector?

i

U

X X Za LC covariant by convention
Which is calculation aid? Xi Xu 7
General metric symbol Suv as at left as at left
- - _1 |
1 _| -1 1
5= 1 My -1 £ =io, = Each metric has form it does
. . L L L =1 -1 because it leads to invariant
Specific metric symbol - _ o - { inner products. (See below.)
- - &y =—10, = =57
) 1 | e = 1 » ab 2 L } For each, g,,3¢”" = o,
L i i 1]
.. . X; = é;jxj = 5ljxj x/l = nﬂvxv xt = 77” X /?,/a = gablb Xa = gab/?f/b
Raising and lowering _ 0 ; | )
x'=xi Yo =X G =% X =X X ="x
Vector length squared xlx, = @jx’xj X”Xﬂ = ﬂ;,vxllxv Xux' = e XaXb
x =8.x'x/ x“x, =n, x"x" “Au=Cax' 2 .
XX, = 0yx'x XX = v £ X =Sk X One can consider the
Inner product, 2 vectors =x'x' +x°x% + x5 =x"x, +x'x +x7x, +xx, =1 n+7n negative of any inner product
~ ~ as invariant, as well.
= XX T XX, + X3X3 =% — ' - - =i~ X2

Invariance

Above inner product invariant

Above inner product invariant

Above inner product invariant

Lorentz, rotation, and
translation invariance, here

Where did above
invariance come from?

Above is obvious.

We proved above in SRT course.

We haven’t proven above yet.




5.2 Two Component Spinor Notation: Weyl Rep

T R T R (0 P B
] L) e

Weyl rep form is Aitchison’s, not Klauber (or Schwartz or Peskin & Schroeder)
‘Pl
v |,
wh | Y,
¥,
Wholeness Chart 5-2. Comparing LC and RC Fields

Aitchison — ¥ = (‘/’ ) :(

L
e w=RC y=LC Klauber, Schwartz, P&S — ¥ = (\‘;IR] (5-3)

Entity LCy RC vy Aitchison
Default indices lower y= ( j?j upper (;’: ] convention
2
1
Index notation not dotted, ¢ = (?] is LC dotted, 5 [gzj is RC convention
2
Raised and a _ _ab o b i _ b (2.61) [26]
lowered X' =71, Xi=Epx BothLC, notdotted| vy,=¢.,¥ " =&y, BothRC, dotted (2.71) [28]
. ab _ . _ab _ 1] _ b (s _| -1 (2.63) [26]
Metric ¥ =ioy = [_1 ] =¢ Sap = ( 103 )a;, - [1 ] = Eap (2.72) [28]
1 . i 2
. o [ 2], _ 1}[11}{12} _{‘//i}_ h_{ —1} v _|-v' || @57 [2s)
8 tat = =& = = v, = =&,V = = .
%, Wnotation 4 L(Z} A {_1 P 7 Vs b 1 V,2 y! (2.67) [27]
. o & [52 } m : [ —1} &_|-¢
General notation = =& = &= =¢,;6 = o
g ng S -& & b 1 52 51
- o\ b . @ .

o Ko =14 ieo—= +n—| g = [v 71]a Xb v =1+ ieeZ — ,7,2 w? =viy? (2.24),
Infinitesimal 2, 2 2, 2 b 2.27), &
transformations rotation  boost /,, rotation  boost / @ 2 ) E21]

simpler form — 3 =V""y simpler form — y'=Vy ‘
. i . Transform=
: a _ ..o o b_[y*1% b , .o o 1 above inverse
for raised/lowered | ' = [1 —18?—77'51) X = [V ]b V4 Vi = (1 - l€'3+ 77'?) Yy = [ ]d L3 transpose.
“ Proof later.

. — 0 s " " i L (2.31)[22]

Invariants YY=Y"y"Y=y'y+y'v eachof 'y and y'y independently invariant (2.32) [22]
D7 - y! iy
vr=x'z=(1 1 )( 1] Yt | oww=ww=(wiw)|”, [=vw tp® | Proofof
X ~ ~ - A\ ~ ~ invariance on

Inner products v S next pages
. 3 o0 05 .

of spinor fields |=(z, ;a)( ﬁ}gm—ﬂgb =12+ =(“/{ 4 ) o STV VYV SV YR | (2.60) [26]
o C 2.70) [28

positive is top left to bottom right indices positive is bottom left to top right indices (2.70) [28]

Yy ¥ =ytot y + 4oty each of y'o* y and y'6*y independently covariant (2.33) [22]

Covariants _ G 234) &
o’ =(Lo;) &"=(L-0;) "= L_u } (2.35) [22]

V= y =it g =yt
New notation ~ =~ (2.76) [28]
Bar # bar of QFT Dirac ¥
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5.3 Invariance of Weyl Spinor Inner Product Proof

5.3.1 Background
A very key relation, which is proven in the appendix of this Sect. 5 is this.
o,y transformslike y - [0, ]ab 7, transforms like y <. (5-4)
We will use this result for one step of the proof carried out in the next subsection.
5.3.2 Proof of Invariance of Weyl Spinor Inner Product
To prove the invariance of the Weyl spinor inner product 3*y., we proceed in numbered steps.

Step 1
We know from QFT that WY isa Lorentz, and rotation, invariant scalar.

Py = [er Y @;j =(v' Z'r){, 1}@;] =y r+ 2y

1 (5-5)
* * X * * "4 at ¥ oa . .
=(v" y? )U]Wﬂa Zz)[ 2]=1// Yo+ 24w = invariant

2 v

Step 2
It turns out that each of the terms in (5-5), ' y and y'y are invariant on their own, as we prove below.

For the first term, the factors transform (see Wholeness Chart 5-2) as
7=V w=ry > oy =y (5-6)
So, 'y is invariant via

v =y =)y )=t ) 2wt =t (5-7)

Homework Problem 5-1. Prove the invariance of the y'y = /i term, (It is rather straightforward.)

Step 3
We now combine the invariance result (5-7) with (5-4), but first note that since (5-4) is true, then, also,
- * ab * 1 X 1* : _
io,y =€y, = . | transforms like y (= /). (5-8)
-1 X2
And then,
—i o, y transforms like w," (5-9)

and, taking the transpose of (5-9),
27 (=i 0';) =" (~io,) transforms like . (5-10)

Step 4
So, for any /' we might have, there exists a y for which ;~(T (—io,) is equal to that y/. So, we can substitute (5-10) for '
in (5-4). We’d actually like to use the symbol y instead of y in (5-10), so that x represents any LC 2-spinor. (5-10) then gives

us (5-11) below, which we know is invariant from (5-7),

. a L x o
vix=y (-io) r=-2."2=—(x 2(2){_1 }[ll J = X2+ 1020 = o2 — J X, s invariant.(5-11)
2
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Step 5
From Wholeness Chart 5-1 or 5-2,
1
a_|X |_ jab,, _ 1:||:Zl:|_|:lz:| 1_ 2 _
= = = = - = =— 5-12
4 L{z:| Zb {_1 P 2 X=X X 4l ( )
So,
a V4 X
2r=( zz)[ 1}(3@ —ﬂg)[ 1}12;(1 -0 (5-13)
V4) X)) T -

Comparing (5-13) to (5-11), we see that the inner product of two LC spinors is invariant and equals the last part of (5-13),
as shown in Wholeness Chart 5-2.

For the inner product of a spinor with itself, the length squared in spinor space, (5-13) becomes

XX =200~ 07 (5-14)
If y were a number, (5-14) would be zero, but in QFT, y is a field which anti-commutes with itself, so (5-14) is non-zero.
First Note
Consider
1
a X X
22" =1 Zz)[ 2]= ( Zz)( p j= N~ X2 (5-15)
X —X

which is the negative of (5-13), though we would naively expect it to be equal to (5-13). This is an idiosyncrasy of the spinor
space metric. Conventionally, (5-13) is considered the positive inner product of two LC spinors — index order from top left to
bottom right.

Second Note
We know from (5-13) that ;!” %, 1s invariant, and we know from Aitchison’s (2.39) above, as well as Wholeness Chart 5-2,

what the infinitesimal transformation is for an LC spinor like y,. So, we can deduce the transformation (S% here) for the

contravariant form of a LC spinor y“.

c

2r =[50 L ao=s, o =5, [1+ig.%+n.%j 2 (5-16)

a

For
s, =(1—is-%—17-%) E (5-17)
(5-16) becomes

P —(l—ieog—n-gja (1+ie-g+n-gjc 1y
£ Aa 2 1 2 Ty ) A A

b . (5-18)
= (1 —igeL 1ig L~ n-g + nog + higher order in & and o-j ;(b;(c.
2 2 2 2 b =
Since g and 7 are infinitesimal, the higher order terms are meaningless, so given (5-17),
2x = X =10 = 2 s (5-19)

i.e., the inner product is invariant, as we know it must be. Therefore, (5-17) is the correct transformation for the contravariant
form of the LC spinor y.
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o o) a
2 :[1-1-.9.__,7-_] O S (5-20)
~ 2 2 b ~ ~
as we show in Wholeness Chart 5-2.
5.4 Appendix
The following paragraphs are copied from Aitchison, pg. 23. For the (infinitesimal) Lorentz and rotation transformations for

y and y, referenced as (2.39) and (2.24) below, see Wholeness Chart 5-2 herein. Those transformation relations were derived in
Sect. 4 herein, entitled Spinor Transforms in QFT.

Aitchison, pg. 23 copy:

complex conjugate of y, denoted by y*, transforms under Lorentz transformations.

We have
X'=(+ie-o/2+n o/2)y. (2.39)
Taking the complex conjugate gives
V= (e ot 24 m ety (2.40)
Now observe that o] = 0y, 05 = 0y, 0 = 03, and that o053 = — o030y and o105 =

aa01. 1t follows that

=

oaX" = ol e (o, on03)/24 - (0, 04, 05)/2)X" (2.41)
= (l+ie-o/2 n-o/2)0:x" (2.42)
= Vo~ (2.43)

referring to (2.24) for the definition of V7, which is precisely the matrix by which ¢
transforms.

We have therefore established the important result that
oy transforms like a . (2.44)

5.5 Solutions to Homework Problems

Homework Problem 5-1. Prove the invariance of the y'y term, (It is rather straightforward.)

Ans. Using the transformations in Wholeness Chart 5-2, we have

1t ra 1\ ’ - T i #)7! T1— i T a
2w =) v =) v = ) e = vy = 2y =l (5-21)
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6 Overview of How SUSY is Deduced
6.1 Steps to Deduce SUSY

The steps one uses to deduce supersymmetry parallel those used for the standard model U(1), SU(2), and SU(3). The
following discussion of the steps involved in all these cases can be followed more easily by tracking them in Wholeness Chart 6-
2 herein. The steps are

Propose a suitable Lagrangian density L.

2. Find an internal symmetry of the action, typically represented by matrices operating on multiplets (column vectors of
fields). Usually easiest to handle if the symmetry transformations are infinitesimal, i.e., each matrix operating on a

column vector is multiplied by an arbitrary, real, small parameter, symbolized here by &; .

3. Note the commutation relations for the matrices that operate on the field multiplets. For SU(n) theories, the matrices are
generators of the Lie Algebra associated with the group transformation acting on the fields.

4. Use Noether’s theorem to find the conserved 4-currents j; .
5. Find the conserved charges Q; (which will be operators) by integrating j; ° over all space.

6. Determine the commutation relations for the Q;, which are the generators of the algebra for the group transformations
acting on the states.

7. Use the commutation relations for Q; to determine what effects each Q; has when operating on particular states.
(Sometimes they result in an eigenvalue [charge = quantum number] for a state. Sometimes they raise or lower a state,
i.e., change it from a state with particular charge quantum number(s) to a state with different charge quantum
number(s).)

Note: Aitchison does steps #6 and #7 differently (though he mentions in passing that #7can be done this way). See pgs. 53-57.

6.2 Simple SUSY Summary

When the early researchers did all of the above, they found, for the simplest form of SUSY, the following. Note particles are
massless, so their helicity and chirality states are the same, i.e., LH = LC and RH=RC.

There are two charges, labeled Q1 and (». Q1 changes an R spin (but LH, with p in opposite direction of R spin, i.e., p is in
—x? direction) fermion into a scalar (¢ herein). O;" turns that scalar back into the original R spin (LH) fermion. Q> changes an L
spin (also, LH with p in same direction as L spin, i.e., p is in +x° direction) fermion into a scalar. Q," turns that scalar back into
the original L spin, LH fermion.

Since the spin of a L spin fermion is —/, we say O “raises” that fermion to a zero spin scalar. Since the spin of a R spin
fermion is +, Q1 is said to lower that fermion to a zero spin scalar. This is summarized in Wholeness Chart 6—1.

Wholeness Chart 6-1. The Effects of the Two SUSY Charges on States

Spin  Particle o of O OF Antiparticle o 0f O Of
+Y%  LC fermion RC antifermion
Lot B Tl
0 scalar ¢ anti-scalar ¢
T )
- LC fermion RC antifermion

(Simlar effects for RC fermion yand LC anti-fermion /')

LC chiral (or super) multiplet = V)} RC chiral (or super) multiplet = B/} (6-1)
X R

Note the chiral multiplets (or super multiplets) for the fields and the resulting operators on states.

a2t ST IEHE] - et cto-cia o

Similar effects, though a bit more complicated, arise for spin 1 (gauge) fields/states and fermion fields/states.



26

Wholeness Chart 6-2. Operators on Fields vs States: Standard Model and SUSY

QFT 4D Spin SU(2) Isospin SUSY Comment
i L
_ m ipx . LC fiel lrep =
v Zp: VE, (e (P)ur (P)e Isospin doublet ¥ = [W’zj or(%’f ] C field, V\Ley R
& - ~ Ya v K
+df (p)v, (p)e™™) ¢ v-|Y |- {V’ }
ut L lI’lL e X
. 1 generally | °, |or W, =| Column
Field - 0 d Y3 ) W like yat far left or u or d af vector
= +m )4 etc. ua, Vi, v u and d each like wat left and left. It could be an electron (OI
2m | E+m solves Dirac equation on its own; other fermion). ¥ has 4
p +wp each is a four component (LC) | SOmponents in spinor space.
E+m spinor (indices not shown) # (and ) has 2 components
1o -1lg = i matri
5 0 Al 1 2% =720 =123 Pauli matrices LC fermion & scalar doublet
G.
3 = 5 [ o Gi:| -3, 5 1 |1 SU(2) algebra generators for fields field [¢} (chiral multiplet)
Operator 1 (See commutators below.) v4
on fields o[ ¢t =(1-igz, /2)¥* 5 [ﬂ_ & V} .
Iy=— -1 1 etc. for 2, S, vk ok ‘L] | ot X Matrix
2 SeWh=| T, |=—ig = 5.6 = 5.y = —ichE operator
-1 i é‘gil//d v, §¢—§'Z e X =10 & ﬂ¢
% =J‘1//TZ-1//d3x :I '.Od3x:JA‘I’”'E‘PL dx From £
QFT <i i Ji _[ 703 —
;o 3 ] ) L 0, _jJad x wherea=12 | qomen
Operator = QT3 = I y X3pdx ST :LJ‘ Lt d”) 1 wela i Noether
on states 4 } -1]{ a* =J(sz(x))a 0,4 (x)d’x | conserved
g [ @ @Ne) ) [t a1 { 1} W) o |7 currents j*.
= —_— _ = = x, 1 1 .
s Ep N vj )3y, () V. (p) 1=7 ! dt Aitchison (4.71) [60] Not a matrix.
Field opers not usually treated| State com
Commu- [Z[,Z_/—] = i2gl_./.k2 « field operators |:Gi’a_ j :| = i28{/‘k0k field opers State operators: relations
tators , T.7.]=i2¢.,T, stat t [QH’QH =(c*),s B, | (found from
|:QFT zi’QFTZ_/]:l28{/k QrrZ) State op [ i ./:I =128l State operalors + : above defs) no
|:Qa’P,u:| :|:Qa ’P,u:| = matrices.
. , . . |z L Not a column
State for given r, p ‘l//rypr> for given d particle as LC ¢, e,rpr> for yas LC e, e,rpr> vector
For LC electron, 0,|x)=4|¢) 4=aconstant Raising and
Operation For spin up state, opr2; “// T,p'> T,| e p'>:%(NW (p)-N,, (p)) eﬁp'> For LC electron, lowering
1 - roperties of
= ——u u __1],L _ 1 L — L prop
Z;lam . 2g, 8 f (0" (p )“/’T P > =3 e,'p'> — weak charge= — 0, er,p,> A er,p,> state operators
State p | E /m | ot > Al > selectron found using
_ s oy=Alv, .
= 7| ‘//T,p’>‘ spin =+ 1|€"p er'p 0» raises yto ¢ 0o reverse. corrllrriltltatlon
. relations.
T raises e” to v.- O lowers yto ¢. Qi reverse
QFT Z; |multipart> has no columns or [T} |e,,p’) have no columns or matrices
Onera matrices invqlved. Operatpr is just involvgd. Odperator.is just number, Oulstate) have no columns or Termlgology:
peration number, creation, destruction opers. creation, destruction operators. K . creé} %on =
on states ole el ) | matrices involved. Just raising;
in gen eral | For single particle up state, grrZs Fgr sImgie © e;ctro_n sltate, T3 elgen,\ﬁl change fermion states t0 | jostruction =
QFTZ1, QFTX2 raise & lower state spin. neutrino state.
: i » | Tjare generators of state algebra.
Nomen- orrX from diag ¥; is spin “charge”. Tla frori diag 7 is isospin cﬁarge Q, are called SUSY charges,
clature Some authors call all grr2; “charge”. ‘ or SUSY generators

Some authors call all 7; “charge”.
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What we have looked at above is known as N=1 SUSY. The “1” means our transformations do one thing — change the spin
of a state by Y. As we will see shortly, SUSY theories for N > 1 have transformations that change the spin of a given particle by
more than %. For example, N =2 SUSY can transform a particle spin by 1, in two steps of % each.

6.3 Clarification on Treating a Field Multiplet as a Vector or an Operator

In Aitchison (4.3) to (4.9), pg. 51, he considers an SU(2) doublet of fields labeled ¢, where the u and d components represent
(LC) fermion fields such as up and down quark fields, electron neutrino and electron fields, charm and strange quark fields, etc.

He then varies ¢ in SU(2) space. In (4.3) to (4.4), he treats varies ¢ as if it were an entity in a vector space, i.c., the
transformation is for a (2-component) vector. But, in (4.5) to (4.8), he treats ¢ as if it were an operator that operates on a vector

space, i.e., the transformation is for an operator, not a vector. That is, where equation numbers are those in Aitchison, the 7 are
the Pauli matrices, ¢ transforms as a vector, the (unitary) transformation is infinitesimal (& are infinitesimal real, arbitrary

parameters), and herein we use the symbol U to represent that transformation,

u
q= LJ (left chiral implied, not written in text) Aitchison (4.2) [51] (6-3)

| d

' : 1 | - . ] u| - o
q :q+§gq=(l—w-r/2)q= 1-ig 5 . —ig; 5 ; —igy5 » =Uq.  Aitchison (4.3) (6-4)

S.q= _,'g.gq Aitchison (4.4) (6-5)

Normally, we think of the 7 as the generators of infinitesimal transformations in the 2D vector space.

Aitchison follows this by transforming ¢ as a matrix, or tensor, operator, where the (unitary) transformation is represented
by U, and the 7; are generators of infinitesimal SU(2) transformations.

q' =UqU" Aitchison (4.5) (6-6)

q'= (1 + ie-T)q(l - ie-T) =q+ieTq—icqT + higher order terms 67)
=g+ ie-[T,q]

5,q =—ie|T,q] part of Aitchison (4.9) (6-8)

Aitchison (4.4) is deduced considering g as a vector, but his (4.9) is deduced considering ¢ as an operator (typically operating
on a vector). One might ask how can one do such a thing. ¢ must be either a vector or an operator, no?

The answer to this question lies in the overall structure of QFT. Texts rarely note there are really two vector spaces involved.

One such vector space is the vector space of fields, represented in QFT, as, for examples, u as an up quark field, d as a down
quark field, or 1, as an electron neutrino field. These fields create and destroy states. In SU(2) space, for electroweak interactions,
the left chiral (LC) parts of these fields are configured into doublets, i.e., 2 component vectors, such as in Aitchison (4.2). (The u
and d therein are actually LC, as the RC u and d fields are SU(2) singlets (think “scalars”).

A different (but related via QFT) vector space is the vector space of states, represented in QFT, as, for examples, |u) as an
up quark, |d) as a down quark, or |1;) as an electron neutrino. In this context, the u up quark field is an operator that creates and
destroys up quark states (particles). Similarly, d and 1, and other fields create and destroy other types of particle states.

Wholeness Chart 6-2 lays out the differences between these two vector spaces. For a pedagogic overview, see also
http://www.quantumfieldtheory.info/Opers_Fields States.pdf.

Bottom line: In the transformation of Aitchison (4.3) and (4.4), one considers ¢ to be a vector in the SU(2) space of fields.
In the transformation of Aitchison (4.5) and (4.9), one considers each component of ¢ to be an operator that operates on the vector
space of particle states. Whereas 7z; in Aitchison (4.4) are matrices, the 7; in (4.9) are not. The 7; are composed of creation,
destruction, and number operators, and those result in commutation relations between the 7}, which are considered to define the
Lie Algebra of transformations in state space. The particle states are not column vectors per se, but simply comprise one or more
particles.

6.4 N=1SUSY: Wholeness Chart Overviews
6.4.1 Supermultiplets
See Wholeness Chart 6-3 for a simple overview of the supermultiplets (superdoublets, superfields) for N=1 SUSY.
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Spin
2 — . :
Gravity Supermultiplet
32 ——
1 ] Gauge (Vector) Supermultiplet

Chiral (Higgs) | 12 ——
Supermultiplet

Chiral (Matter)
Supermultiplet 0o —

Wholeness Chart 6-3. Supersymmetric Multiplets for N=1 Supersymmetry

See Wholeness Charts 6-5 to 6-7 for a summary of the action of the operators in the simplest form of SUSY, N=1, and a
comparison of multiplets in superspace with multiplets in SU(2) weak interaction space. Note that in the wholeness charts, we are
considering all massless particles (before Higgs symmetry breaking), so chirality and helicity for fermions are the same thing. RC
=RH, and LC =LH.

6.4.2 Operator Anti-commutators/Commutators

For N=1 SUSY, we have one operator, O, that lowers spin +%2 LH fermions to (helicity zero) scalars and another, O», that
raises spin — %2 LH fermions to scalars. As we will prove, these obey the following commutator/anticommutator relations, for
whicha, b=1,2,

(0,01 ] =(0")u B, (=1uB+0WR+00uP+00uP,)
[0..0;], =0 (6-9)
(0.7 ]= [QZ’P%‘] =0

6.5 N>1SUSY: A Simple Look

6.5.1 N=2 SUSY

For N = 2, we would find, where superscripts are labels (not powers), and Z'?, known as the central charge, can be derived,
ol _ 2 2t 12t _[p2 olt] —
|:ngQb :|+ _(Gﬂ)abPﬂ |:Qg!Qb :|+ _(Gﬂ)abe |:Qa’Qb :|+ _|:Qa’Qb :|+ _0
121 T2 ol _ 2 1A T2 o2 _ )
[0.01] =[] -7 (0.0 =[21.0] =0 (6-10)
ERAR AR AR AR
for which a, b = 1,2, again, so there are four operators (plus their complex conjugate transposes). Alternatively, we can label the
four operators as Q,, with a=1,2,3 4.

For N = 2, a first operator lowers a +% spin fermion to a scalar. Then a second operator lowers that scalar to a spin —-
fermion. Then, a third operator raises that to a second scalar. Finally, a fourth operator raises that to a +% fermion. The net result
is a quartet of the four fields, rather than a doublet. See Wholeness Charts 6-4 and 6-8, where the reverse transformations Q;' are
not shown.

Wholeness Chart 6-4. The Effects of N =2 SUSY Operators on States

Spin Particle O O (03] Qs
+ RC fermion 7 7
! L1
0 scalars @ ¢ ' ¢'
l T
- LC fermion V4 X

(QT « do the reverse of Qa)

Since SUSY transformations cannot change any SU(3), SU(2), or U(1) charges, N =2 SUSY gives us an LC fermion with
the same SM interactions behavior as an RC fermion. But, we know that is not true for SU(2) (weak) interactions. So, at least in
its simplest and most direct form, SUSY cannot be an adjunct to the standard model unless N = 1.



6.6 SUSY Supermultiplets Overview

Wholeness Chart 6-5. N=1 Matter (j =
Left Chiral Superdoublets

29

) Supermultiplets

(|0) here means zero spin state, not vacuum state)

Superspace SUSY Operator SU(2) Space
States Fields States Fields
icl Doublets . SUSY Doublet
e | s, | PN o4, <o atonesl-y), | 8, S0 | P
sparticles 0r‘¢z>&|l> p or Qz|Z>=A‘¢Z> Qz"¢;(>:B|Z> or |7) & ‘¢Z> 7 <
Examples | [5,)& e, ) (éLj Vo V| @ale)=4lé,)  0Oflé)=Ble,) o | [V
~L>& VeL> er ’ Ve,_ ’ QZ VeL>:A ‘76,_> ;f ~eL>:B Ve,_> er <
|LEL>&|”L> (ﬁLJ [&L] Q2|uL>:A|aL> Q2T|aL>:B|”L> [uch> [
|dL>&|dL> U , d; Q2|dL>:A|dL> Q;|dL>:B|dL> d;
Z(ARn(tji)pZ;t(ilciiii ‘ %>1§ &|0)z {1/7] Qz‘ 2>7_ A0z 0,100z B‘ +%>R Adioini doubleti iniows
sparticles |l/7 ‘¢;//> Py or O} |y7) A|¢.,/> Qz|¢*> Bly) > g ‘¢l/7> (V’d V’M)C:’(Wd V’u)
Examples | |3 )& |2,) (ER] veL] Oilex)=A|er)  0sler)=B|)
Ve )& |70 ) (e ) (Ve )| O[T, V=47, ) @a|7, ) =B, ) % ey )< (e
fﬁ 2y (@e] [j’*} O} ig)=Ali ! 2) Q2|”iR> Blizy) (dg 1z) = (c?
d |‘7> e )\ dy Q;|‘7R>:A“7R> QZ‘ER>:B|‘7R>
Right Chiral Superdoublets
Superspace SUSY Operator SU(2) Space
States Fields Fields
Particl Doublets + ingl
ROy | On&[rd) | TONT | Q) =0 g0kl d) | ) o | BREES
sparticles or‘¢,/, &|1//> 4, or Q1|1// AM/,> Q1 ‘¢,/,> B|1// ><:> > v, o,
Examples | |g,)&|eg) [eR] [veR] Olex)=4|8,) O |ex)=B|ey) er
&|ver) N2 )7 [ Qv V=4[, ) O Ve )=B| ey ) e S
’ &|“R> [MR (dR] Q1|”R>:A|”R> Q”f’R>:B|”R> MRCN’ZR
\de)&|dy) |\iix )\ dy ) | Qildr)=4|dy) OF|dz)=B|d;) dy <dy
doraces] |-4), &lo [%J 0l[-3), =40 0/l =5|-3), ; TS
sparticles &|;7> ? or Of |7 A‘¢;(> Q1‘¢;(> B| > ‘¢;}> Xd < Xd
Examples &|e) [@e] [v] Ollex)=4|e,) 0 é:)=B|e;) g, &8,
R>& 17eR> ER ’ 17@1? ’ QlT VeR>:A 53R> Ql eR> 17eR> ‘7@R <:>58R
itz ) & [ite) [@e] [_RJ Ol lip)=Alue)  Ofiir)=Blie) E_chzR
2\ )\, ) | 0fldp)=aldy) 0dy)=B|a,) dy > dy




Wholeness Chart 6-6. N=1 Gauge (j = 1), or Vector, Superdoublets
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Left Helicity Vector Bosons

Superspace SUSY Operator SU(2) Space
States Fields States Fields
Particles W) &) D~0+u blet~s 0, | W+>=A'|W*> Q2'T|VI~/+>= B'|W+> ) e |W ) INo boson singletNS/ doublety
sparticles z wr '\Z) |22 oo 2N @ z A
_ 7 &[7) Vo [ @ln=4l7)  al|7)=By) @ 7 ;
(LH=LC) ; 7\ (&) |5 s TS ; rer
gl | () alg-ala)  ofla)-5e) ) ey
Antiparticles | |p-) & |7 N /= ~ -
(RH); anti- | g;&|g>> W (&) s lw)=aliv=) osliv)=s'lw)| W) e |i) W oW
sparticles e\ & 0)'g)= |§ Q§|§>=B'|§> |§><:>|§> geg
(RH) Z,y= antipartics

Right Helicity Vector Bosons

R helicity massless gauge bosons (for the s and gluons) follow in parallel, as RC followed LC for matter supermultiplets.

Wholeness Chart 6-7. N=1 Gravity (j = 2) Superdoublets
Left Helicity Tensor (Gravity) Bosons

Superspace SUSY Operator SU(2) Space
States Fields States Fields
Particle (LE) |G)&|G) | Doublets
article N . . " " nf _pn" A e
sparticle (LH)Sp,1r12 graviton & (qj 0)1G)=4 G) 0, 1G)=B"1G) 1G) |G) G G
spin 3/2 gravitino G
Antipart (RH) Graviton is its own anti-particle.
Right Helicity Tensor (Gravity) Bosons
Opposite helicity parallels RC compared to LC in matter supermultiplets
Wholeness Chart 6-8. N=2 Supermultiplets
Left Chiral Superquartets
Superspace SUSY Operator SU(2) Space
States Fields States Fields
. 1 _
Particles | Quartet 0 ‘+7> =4/0) 1 0 LC Doublets
(LH), [+4) o) ) o (4
: x v 0,10)=5-1), X
sparticles. 1 | +> 2 |0>©‘ _l> Z
particles ‘_ 7>L 10 ¢ 0, ‘__> —clof) . T2 L d ¢d
(RH) or |(//>,|¢>, 7 Q |0T D‘ > ‘_7>L @|0 > RC Singlets
4
|Z>,|¢T> ¢+ |0T>@‘+%>R V/uQ U
Reverse operations not shown 754/
Under SUSY transformations, all SM couplings need to stay the same. In other words, in the SUSY quartet, each
component (each field type) has to interact in SU(3), SU(2), and U(1) interactions in the same way. But in weak
Note interactions (SU(2) space), the LC y and the RC  interact in different ways. The RC y have zero coupling to the
Ws, for example, whereas the LC y do not. Similar effects occur for N> 2 SUSY, where multiplets have more
field components than N=1 (doublets with two components) and N=2 (quartets with four components).
Conclusion: |Only N=1 SUSY is consistent with the standard model (at least without considerable manipulation of the theory).




31
6.6.1 N>2SUSY

Similar effects as in N =2 SUSY theory result from theories of NV greater than 2, so, at least in the simplest form, they cannot
be used as an adjunct to the standard model.

For completeness, we note that (6-10) can be generalized for any N to

(0.0 ]=6"(c")us P AB=1..,N

u
' (6-11)
[Q,Qfl =,2"  g,=6,=0 g,=-1 &, =+1 Z" antisymin4,B

Note, in passing, that in N =8 SUSY operators take an RH graviton and step it down sequentially to helicities of +3/2, +1,
+, 0, =%, —1, =3/2, and —2. N > 8 theories would need to act on spins greater than 2. Since N = 8 SUSY includes all possible
spins in the universe as we know it, N > 8 theories are even more problematic than 2 < N <8 theories.

6.7 SUSY Currents and Charges Derivation
6.7.1 Left Chiral Fermions and Right Chiral Antifermions
We follow steps 1 to 7 in Sect. 6.1, the steps to develop any type of QFT (e.g., strong, weak, e/m, SUSY).

Preliminary Note A:

Recall that our derivation of the Euler-Lagrange equation of motion started from the postulate that, for fixed initial and final
field configurations, the action is stationary, i.e., a variation in the Lagrangian (density) £ left the action S invariant.

S=[Ld'x 0S=0|Ld'x=[6Ld'x=0 truefor 6L=0ie, L=1,,. (612

So, under a given transformation, represented by &, the action is unchanged if £ is symmetric (invariant) under that same
transformation, i.e., 5L = 0. From this relation, we deduced the Euler-Lagrange equation.

However, note that what happens to a total derivative term inside the LH relation integral of (6-12), which is similar to the
1D case,

x=b 0 1)
L » fo(x) a) df=(f(b)—f(a))= constant (6-13)
In 4D, we have
J.: 0, f" (x)d*x =(f” (b)-r* (a)) = constant for fixed initial and final conditions . (6-14)

So, any variation of the constant (6-14) is zero.
b v 4
5[ 0.r" (x")d*x=5(r*(b) - f*(a)) =5 (constant) = 0 (6-15)
Note what happens if the variation in the action, instead of (6-12), looks like the following.

Ial;ym ad4 Ia(aﬂfﬂ)ad4

58 =6[ Ld*x =5[( Ly +(0,4"))d"x j54ymd4x+j5(a f4)dtx= a—ja fHd*%=0. (6-16)
constant

In fact, anytime we have a total derivative like 9, f* in the variation of the Lagrangian, it will leave the action unchanged. For
example, where C is any constant,

5L =56Ly,+CO " —  65=06[Ld'x=[(64,,+C(0,"))d"x=0 (6-17)

Bottom line: We could have a Lagrangian that is not symmetric, where the variation of the non-symmetric part comprises a total
derivative times a constant, and still have an invariant action. And thus, the theory is unchanged.

A symmetric Lagrangian is sufficient for an invariant action, but not necessary.
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Preliminary Note B:

Recall, for reference, the Euler-Lagrange equation

o0 oL |_oL (6-18)
o\ o, ) og"

We now repeat the derivation of the conserved current for (6-17) instead of (6-12). See Klauber Vol. 1, Sect. 6.5.3, pgs 173-
174, where the following is done for /#=0.

L= L’((/ﬁr,qﬁr,#) symmetric in «, then

r 0 r
5r-% sq-0= 25 9 50, % P Sa (6-19)
o o¢" Oa op" , Oa
M
use Euler-
Lagrange
equation
r r r
0L =0= 0 a{ of +a€ o_0%9 505:6 64; of oa =0 (6-20)
oxt o¢ u oa  0¢ u ox* Oda oxt | 0¢ u oa
a¢r,/1 j/l
o
For arbitrary variation ¢, we must have, for our 4-current j” R
0,j"=0 — I j%d3x = Q' = constant in time - (6-21)

all
space

But note that we can use (6-17) in (6-12) and leave the theory intact. We take the constant C = the transformation parameter
a here (which is constant over spacetime, though varied in the transformation), because doing so will turn out to be valuable.

0=65=[5Ld*x=[(6.L4, +0, 1 a)d*x=[((0,/" )a+(3,/*)a)d*x

=I6ﬂ(j”+f”)ad4x = 0, e =0 ; (6-22)
i
]altern
Bottom line: Thus, we can have a valid, alternative current, where
a[‘vym
jélllem :jﬂifﬂ where 5[:+a iaﬂfﬂa. (6-23)

oa

Step #1: Guess at a suitable SUSY Lagrangian

Where ¢1is a scalar field, y is a LC spinor field, and £ is an auxiliary field that, as we will see, is needed to have an invariant
action,

L£=0,4"0"+ ylich o,y +F'F =¢\,¢" + yic" y,+F'F Aitchison (4.107) [66].(6-24)
Note that there is no kinetic term for F, so it doesn’t change in time and is innocuous to the theory. In fact, in the Euler-Lagrange
equation for F, we find the equation of motion for /" as
F =0 (equation of motion for F). (6-25)
It doesn’t show up in the real world, but helps us behind the scenes to make the action invariant. Note also that the scalar ¢ will
be the superpartner of the LC spinor y.
Step #2. Find an Internal Transformation on SUSY Fields for Symmetry of S (4SS = 0)

The Transformations on Fields
As we will see, the following transformation set gives us an invariant SUSY action.
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S:p=¢&x=¢&"(—ioy)x S:¢" =7 & = ylioy¢& Aitchison (4.119) {68} (6-26)

Sz = —ic” (i52)§*8#¢+ EF §§;ﬂ = iaﬂw{;T (-ic,)o* + FTET Aitchison (4.121) {68} (6-27)
5:F = _,'{;Tc?ﬂaﬂ;( §§FT = iaﬂ;ﬂ&”g Aitchison (4.120) {68} (6-28)

Note that (6-26) and (6-27) can be expressed via a matrix in (2D) superspace,
9| _ o 0 -
s|¢] {—ia“e@ M | gr] (29

where, if we are talking about particles one might see in the real world, we can ignore the last column vector and [?ﬂ is a doublet

in superspace.

Proving the Action is Invariant
From (6-24), we have

5:L =5 (pl9" )+ 6: (11i5" )+ 5, (F'F)
= (0:0, )" + 8, (020" )+ (524" )ic" 1, + 216" (5: 2,,) + (8:F ) F + F'(5.F) (6-30)
= (aﬂ (624" ))aﬂ¢ +(0,07)0" (6:0)+ (622" )iT" 2, + 21150, (8, x)+ (6:F" ) F + F' (6,F).
With the transformations of (6-26) to (6-28), (6-30) becomes

8:£=(0,(1i0s&")) 0" p+(0,4")0" (& (-ic) 2) +(i0,8'E (~ic) o + F'&)iG" 0,

" (6-31)
+ 41150, (~ic" (i0,) £'0 9+ EF ) +(i0, 15" £ ) F + F' (~id' 50, 7).
Separating out the terms with F fields, we have
5:£ =(0, (rlic&"))o g +(0,0")0" (&7 (-icy) x)
+(i0,4'e" )o*)iz" o, x + 'ic"0, (~ic" (i0,)E"0,9) (6-32)
cancels with last term -: (aﬂ(l fighF ))9: cancels

+ (F'et)iz o, v +1'ic"0,(F)+(i0,4'5" &) F + F'(-i£'5"0, 7).
The variation (6-32) is not zero, meaning the Lagrangian is not symmetric under this transformation set. However, all is not

lost, as we are about to see.

is a total derivative times the parameter being varied &, which, as we saw above in (6-17), leaves the action invariant.
The Lagrangian may not be symmetric, in part due to this term that does not vanish in (6-32), but the overriding principle of action
invariance is still upheld by this term. Note this makes the field /' a non-factor physically, since its variation does not affect the
action, and since, as we saw above, its equation of motion is /= 0.

Let’s now look at the terms in &~ in (6-32), i.e., terms | 4 |and @
. @ ( Ao, & )6"¢+;{Tio_'vav(—ia”(i02)§*6ﬂ¢)
=(6ﬂ (;( io,&" ))6"¢+ Zlic’o, (0'”6”¢(O'2)§* )

Note that, in the last term in (6-33),

(6-33)
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5°8,05"0, =(18, - 0'0, - 5°0, -8, )18, + 0'8, + 520, + ;)
=0p +0'0,0, + 0,0, + 00,04
~0'0,0, —6'5'0,0, - 6'5%0,0, —'5°0,0, (6-34)
~0%0,0, —0°0'0,0, — 0°670,0, — 070" 0,04
5'0,06"0,=0y-0'0'0,0,-0'6°0,0,-0'0°0,0, —6°5'0,0, —0°6°0,0, — 0°0°0,0,
~0°0'0,0; —0°6%0,0, — 6°5°0,0,
=82 -0'0 0,0, - 02620,0, — 00> 8,0, - 0.0 |, 8,0, - [ 6%.6° |, 8,0, [ o'.5" |, 6,0, (6-35)
OTIITZZT33[0:|+I2|:O:|+23|:0:|+13

:85 —0,0; — 0,0, — 0,05 :53 +5i8,~ ZB”BH.

With the result of (6-35) in (6-33), we have

[4]+[D]= (0, (2'i0:¢") )0+ iz'o* (0,102 ) =0, ((1ie) o9 " (636)

E and @ in (6-32) comprise a total derivative times the variation parameter £, so it too leaves the action invariant, and
thus, does not, in the final analysis, doom our approach.

Let’s now look at the terms in &7 in (6-32), i.e., terms | B |and , where in the second line we use (6-35).

[B]+[C]= (aﬂqﬁ)aﬂ (&7 (<icy) ) +(0,0'¢" (i0,)0")&"0, 1
= (aﬂqﬁ)aﬂ (& (mioy) x)+0, ("¢ (i0y) 0" 0, x)~(¢'¢" (ic,))0#570,0, x  (6-37)
3,0
=(2,4' )aﬂ (& (mioy) x)+ 70, (¢ (i0y) 0”50, 2)~(47¢" (ic,))o, (aﬂ;().

The second term in (6-37) is a total derivative. The first and last terms combine to form a total derivative times the variation
parameter &7

JE0 )64 (o2} 2,6 12)o5°0, 2) ('€ 1) 7]
==& (0, )((i02)07) =& (#' (i02))0, (0" 2) + €0, (¢ (i) 0570, 1) (6-38)
=&, (¢T ((~ic,) 0" ;()) +&70,,(4'(i0,) 050, 1) =&"0,,(~¢'ic20" 1 + #1i0,0"5D, 7).
Thus, we have, from (6-32), (6-36), and (6-38),
5.2 =0,((x'i0,)0"9)" + &0, (<4lic,0" 1 + §'icy0" 50, )+ (0, i F) e (6-39)
And thus, all surviving terms in (6-32) are total derivatives times a variation parameter, so the action is invariant.

Bottom line: The SUSY Lagrangian is not symmetric, but because its variation is a sum of total derivatives times a variation
parameter, the SUSY action is symmetric (invariant). And so, we can have a consistent SUSY theory.

Step #3. Commutation Relations for Transformation Matrices of Superdoublet Space

This is not so relevant in supersymmetry, though it played a key role in SU(n) theories of the standard model. There it entailed
the Lie Algebra commutation relations for SU(n) space operations on fields.

Step #4. Noether’s theorem to find the conserved 4-currents

Recall the 4-current from Noether’s theorem, where ¢ is the small parameter varied in the symmetry transformation set and
a primed field represents the transformed field,
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-2 % ¢ real (6-40)

o, oc

7

In our case, we have to be a bit careful, as £is a spinor quantity, and so is a complex number. Thus, to be complete, we need

to consider j M as the sum of a 4-current and its complex conjugate transpose. We’ll designate this with subscript altern.
B oL of N 0L of
og, 05 o4, 05

Also recall that (6-40) was derived from the stationary action principle, where oS = 0, and where we assumed we had no
total derivative term, such as 0,f# in (6-23). If we have such a total derivative term, we find, where by convention one uses a

T

1y +]

T —
Jaltern = J

& complexand ¢ =@.¢', y, 4*,F,F' for the SUSY Lagrangian (6-41
(6-41)

minus sign in front of # and multiplies what will be the SUSY current by the constant i,
oL 6_¢' N 0L of 3
of, 05 of), of

jélllern :j# _*'jluT

f withd , f“#0in 6L (6-42)

Thus,

0L 0§ oL of oL op" oL oy oL oy oL OF' | oL OF
AT og oo 0g, 06 A, 06 oy, OF oy, 0 OF, 96 OF) o0&
oL oy oL og'" 0L oy oL oyt 0L OF oL oF

£ + % % % % + %
o4, o0& ofl, 08 Ox, 0 oyl o0& OF,0f  OF) o0&

(6-43)

—

Keep in mind, in the following, that the complex conjugate transpose of any Pauli matrix equals the original Pauli matrix,
and also, that ¢ is a scalar, not a spinor (i.e., Pauli matrices don’t operate on ¢ or its derivatives, so the order in which ¢, or its
derivative, appears in a string of spinor fields and operators is unimportant).

From (6-24) and (6-26) to (6-28), for the first row of (6-43), where we repeat (6-24) for convenience,
L=¢",+lic" y ,+F'F
0L _ 29 _O0199) o9+e (Ci)z) olg+ lio)e)

o, oc~ e & iz~ i)
- Kl i S i P T *
6—f=¢’” o4t _ (¢ +0:4 ): (¢+;{ (ic,)¢ ):0 (644
04, o¢ os o&
oL - 5_;('_6(}(+5§;()_G(Z—iav(iaz)f*ﬁv+§F)_
o, * et e oz -
Ly 2L oL _
s oF, OF

For the derivatives with respect to & of the second row of (6-43), the only ones not multiplied by zero are

o _0(¢+3:9) o(¢+¢&" (~ioy) 2) _ o(¢+ 2" (i0y)€) »
aé:* aé:* aé:* aé:*
, a T 5 T T *
(Zf’j = a;*§¢ - a(¢+la§(*l%)§ ):f(iaz) : (6-45)
oy O(x+0:x) olx-ic”(icy)E @, +EF o
agf* — ( aé:*g ): ( (a;*) )Z—ZO' (10'2)¢,V

With (6-44) and (6-45) into (6-43), we have
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Foem = 27 (i05) 1 + 1T (i0y )¢ + 2 tic"F + yig* (—ic* )icy ) g, — * - (6-46)

Now, take f* as the quantities being operated on by 8, in (6-39)
1 (;( io )¢" (10 o 0”;{¢T) (—iaz);(gzﬁ"’T + yliGhF (6-47)
%/_J
This makes (6-46) into
St = 2" (i02)"" + ' (i0y) " + 1 li6" F + 1lic* (<ic* )(ic, ) g, -
- (;{Tiaz )r/ﬁ"’ - (iO'QO'Vo_'";( ¢! ) - 7" (ioy) " = ylic"F

= yliz* (~ic" )(1‘0'2 )8, — (iO'QO"'o_'";( ¢! ) =iy'c" 0" 0,4, —ic,c" " y @), (49
= (iO'QO'Vo_'";( ¢! )T +ic,a G  y 4}
Comparing (6-48) to the LHS of (6-42), we find
Joen =J +]”Jr =io,o'o ;(¢T (10 o'o ;(¢T) - JY =i020"5”;(¢j,. (6-49)

In defining the SUSY current, we drop the constant factor io» (which is irrelevant for the defining relation 0,/ = 0) and use an
upper-case J, as Aitchison does. So,

sy = =" G g 4l Aitchison (4.70) [60].  (6-50)

In the above, we have sort of hidden it under the rug that y actually has two (spinor) components and o¥ and o # are 2X2
matrices with (counting zero value components) four components. Re-writing (6-50) with these component indices written out,
we have

JE=0hGl A b (6-51)

so, there are really two scalar SUSY 4-currents,

J{' = 01,04 1. ¢T and JY = 03,547, ¢T (6-52)
where
0,J{ =0 and 0,Jy=0. (6-53)
Equivalently,
0,J' =0 and 0,J' =0. (6-54)

Step #5. Find the conserved charges O, by integrating each J,; ° over all space

Our charge operators, representing conserved charge via (6-53) and (6-54), are defined as

0 =[ Nd'x= Ghr. (D (x)dx=] o 7,(x) 8} (x)dx (6-55)

0, =[ Sd'x=[ 454 1.(X) 8 () d*x=[ 0% 2,(x) ) (x)d'x. (6-56)

Note in Q», that ¢ T creates a scalar, and y destroys a LC fermion. Compare with Wholeness Chart 6-1, where O turns a LC
fermion into a scalar, so, intuitively, (6-56) makes some sense. As we develop 0> below, we will see this does indeed work out.
We save similar comment on Q; until later.

Step #6. Determine the commutation relations for the charges O,

To determine the commutation and anti-commutation relations for the @, we’ll need to refer to the
commutation/anticommutation relations for fields in QFT.
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| 2.(63). 28 (1Y) | =0,40(x-y) (6-57)
[ #(0%).4 (1y) |=i5(x-y) (6-58)
All other scalar commutators equal zero. All other fermion anti-commutators equal zero.

[Qa’Qb]+ =0

To keep things simple to start, we’ll take @ = 1 and b = 2, then generalize.
[0.0.], =00, +0:0, =(] otz ()4}, () &x)([ oz ()01 (») )
H[ 3uza ()8 () )([ ot ()8, (x)dx)

Note that the operation of a Pauli matrix on a spinor leaves us with a (different) spinor, which we will designate with a prime,

(6-59)

and which will depend on the spacetime index on o*.

/1/1'” :O-lc/?f/c (X) /}flév :O-élc/llc (.X') (6-60)
With that notation, the commutation property of the scalars, the anti-commutation property of fermions, and recognizing that
the Greek index on a fermion field refers to the particular Pauli matrix used not a spacetime coordinate, (6-59) becomes

00 +0,0, = (228} )8, () + 25 21" 6, (9) ), ()|’ xd*y
=[] (25 + ' 2" )8l (8L )Py = | " | 81, ()8} (v)d>xdy. (6-61)
K ) +

=0
Thus,
[01.0:], =0. (6-62)
We can see that for any a and b combination, the anti-commutator in (6-61) would still be zero. So, in general,
[0..0,], =0 (6-63)

[Qa’QZ:L_ Z(O'”)abf;,

Again, we consider a = 1 and b =2.
[0.01] =001 +0i0,~(] otz (L) [ 2 ()(o%) 8. (1))
+(I 7 ()(o2,) ¢,v(y)d3y)(j ot 1. ()4, (x) d’x)
=] (Gfézc(x)zfz ()(0%,) 81 (D, (1) + 25 (9)(0%,) otz (e, (1), <x>)d3xd3y
=1 (ot z 0)(o,) + 200 o) otz ()l () ().

(6-64)

Consider the case of (6-64) where = v=0, so 6° = I (in spinor space).
only z =v =0 part of [Qszq = ﬂ (aloclc (x) 2 (y)(agd )T + 28 (y)(agd )T oz, (x));ﬂ) ()0 (y)d*xd®y
= ﬂ ( 1eXe (X)Zd ( )Idz +Xa\y ( )IdZIchc (x))ﬂ) (x) o (y)d3xd3y

=[[ (12 )+ (9) 2 (0)8h () (v)d*xd*y (6-65)

_ﬂ [7(1 (x))(z y)}+ ¢T (x)¢0 d3xd3
5125( y)=0
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For &, =0}, =1, =0, this can be written as

only u=v=0partof [0,0 | =|[ ol (x)dy(v)d’xd’y. (6-66)
Note that
o 1 —~iky | 1t iky —10 —iky _ pt ik
do(y)=> — ae " +ble™ )= ae " —ble
'0()%60\/70)1((1( bk )%m(k k ) (6.67)
o 1 ik —iky O (3 ik iky
=S = +be = a.e b€
)T rmlake )-Z =l )
The full evaluation of the following relation (6-68) parallels that of Klauber, Vol. 1, Sect. 3.4.1, pg. 53.
[85(»)0( Z (2akak +2bfb +0+..)[dy = Z o (N, +N,)=H=PB  (6-68)
Thus, (6-66) can be expressed as
only z=v =0 part of [Ql QZ] =oP, (6-69)

Now consider the case of (6-64) where =0 v=1,s0 6= and o= [1 1} (in spinor space), and the very last expression

in (6-70) can be found in similar manner to that of (6-68),

% 2. () 25 (0)(ab,) 85 ()8, (»)

; d*xd’y
+ 25 (0)(6,) onre ()4, (¥) 8 (x)

only x2=0,v =1 part of [QI’QZTL :.U

6-70
=[[ (n A )+ 2 () 1D (D (9)dxd’y = [ $](x)8, (x)d*x=R o
=6}16(x-y)
(6-70) can be re-expressed as
only 41=0,v =1 part of | 0,0 l =GP, (6-71)

From (6-69) and (6-71), we can begin to see a pattern emerging. Hopefully, we can gain some confidence, without going
through the tedium that for any values of a and b, where in each case, we sum over all zzand v, our generalization is

[QQ,QE l =(6") s P,. (6-72)
Note that (6-72) is a summation over spacetime indices, i.e., it sums energy and 3-momentum with their associated identity (for

energy) and Pauli (for 3-momentum) matrices. And the particular component of each 2X2 matrix is the ath row and bth column
component.

For our example where a = 1 and b =2, (6-72) is

(0,01 =0k +ohR+0nP +0,P=(0) R+ (DR +(=)op b +(0B=R~iR.  (673)

Note the Py, is the 4-momentum operator, not a number. It operates on states. If the state is an eigenstate of momentum, the
operation will yield the numerical value of momentum times the original state.

ERARCEAS

If we were to substitute (6-55) and (6-56), along with the definition for 4-momentum in terms of the fields and their conjugate
momenta (see Klauber, Vol. 1, Chaps. 3 and 4) into the LHS of (6-74) below, we could, in a lengthy procedure, deduce that it is
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equal to the RHS, i.e., to zero. However, there is a much simpler way to derive (6-74), but we will need a result shown in the next
few pages to do so. We will do that, but for now, we will simply accept that 4-momentum commutes with Q, and Q.', i.e.,

[0,p.]=[2].p, ]=0. (6-74).

Note

The commutation relations can be found in another way, as shown in Aitchison, Sects. 4.1 and 4.2, pgs. 50-58. This author
feels the above presentation is less opaque and more in line with the usual approach of QFT for the e/m, weak, and strong force
theories.

Step #7. Determine what effect each Oa has on states (using the commutation relations)

Preliminary note i)
Consider a state | puim > where py, j, and m are the 4-momentum, total spin, and z direction spin, respectively. Then act on

that state with the left side of (6-74) and a = 1, where primes indicate the new state arising from the action of O on the original
state.

(OB ]| jm)=0]p, jm)=0
=0, |p,jm)=F,0|p,im)y=0ip,|p, jm)=P,|p,j'm) 6.75)
=puQi|puim)=py |y J m'Yy=p,|p, i m)=pl, Pl i'm)
=(pu—py)|pui'm") > p.=D, .
The same result would be true for 02, 01, and Q.

Conclusion: The Q, transformations and their complex conjugates do not change 4-momentum of a state. This is a result of the
4-momentum operator P, commuting with all O, and QTa.

Preliminary note ii)

Since P, commutes with all O, and QTa, pPr= P”P# = M ? also commutes with all Qg and QTa,

Homework problem 5-2: Prove P? commutes with all 0, and QT,;,,

In the following M is (rest) mass, m is spin in the z direction.
[0-7*]|p.im)=0]p, jm)=0
=0\P*|p,jm)=P*Q)|p,jm)=0M?*|p, jm)~P*|p, j'm')
=M>Q\|p, jm)=M"|p, j'm')=M"|pj j'm)=M"|p, j'm')

= (M2 = m7)|p}, j'm') > MP=M".

(6-76)

Conclusion: The mass doesn’t change under the operator of any of Q, and Q4. This, too, is a result of the 4-momentum operator

Py, commuting with all O, and Q4. In our case, particles are massless, so their SUSY spartners are also massless.
End of preliminary notes
What does Q1 do?
From (6-55),
3
0= I on 1 (x) B} (x)d’x (6-77)

We want to write out y, and ¢' along with the Pauli matrices and see what Q is in terms of creation and destruction opertors.
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3-momentum in +x> direction

From Klauber, Vol. 2, (5-14), pg. 137, for a spinor field at the speed of light (massless field) with momentum aligned with
the x* axis, expressed in the Weyl rep, where we note that Klauber has the LC part of the field in the top two component slots and
the RC part in the bottom two.

X1 0 0 0 0

\IIKI ber = £ = zz :Z l q (p) 0 eiipx + Cy (p) ! eiipx + d; (p) 0 eipx - dlT (p) ! eipx (6-78)
auber v l/ll > Vv 1 0 1 0
v, 0 0 0

Aitchison, on the other hand, whose notation we are following here, reverses the positions of the LCy and the RC .

L4 1 0 1 0
! 0 i 0 - 0 0l ;
:Bﬂ: VJZ =z£ a(p)] o™+ ) e ™ +d®)| o[ = 4 (b)| g " | (679)
P
X2 0 1 0 1

We focus here on the LC field y in 2D complex space to use in (6-77).

{ZHHQ (p)[?je"f’x - d] (p) [?}"PXJ (6-80)

In (6-80), c2 destroys a LC particle and d; creates a RC antiparticle. 3-momentum is in the +x° direction, so the particle has spin
down and the antiparticle has spin up.

The complex conjugate scalar in (6-77) is written as (see Klauber, Vol. 1, (3-36), pg. 50),
1 , ,
o (x)= at (k)™ +b(k)e ™), (6-81)
(3)= Zea () b))
with the derivative

f = 1 / il ikx —ikx
¢, (x)= Zk: o (zkva (k)e™ —ik,b(k)e ) Zk:
Now, substitute (6-80) and (6-82) into (6-77).
O :_[ oty iy (x) B} (x)dx

=[ ot {Zp:\g{cz(p)[?j 7 _ 4f (p) [ jb ]][Zk:m( et b(k)ei’“)]d3x, (6-83)

The only components that are non-zero are for b =2, so

o= sz[z\g(cz (p)e ™~ df "”)][Z /—2,,%( (k)e™ —b(k)e ”‘“‘)Jcﬂ (6-84)

In (6-84), from logic similar to that found in Klauber, Vol. 1, Sect. 3.4.1, pg. 53, only terms where k = p or k =— p survive the
integration over space. We also know, from the conclusion of Preliminary note i), pg. 39, that the final state (be it the scalar or
the fermion) must have the same 4-momentum as the initial state (be it the fermion or the scalar), so p = k, and we can forget
about the k =—p state. This reduces (6-84) to

I%{Z ,—;;Vw \/7 e et — dT( )b(p) ei”xei”x)Jd3x
IZZF( dl P) \/*Z\/f O'lzpv(cz ) (P)_ le (P)b(l’)) (6-85)

( k) —b(k)e ™). (6-82)

=%ZF(O_102PO +01, P+ 0Py + 0'132173)(62 (p)a’ (p)— df (p)b(p))-
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In this example, p is in the +x* direction, so p1 = p» = 0, and we have

0 =%;ﬁ(0&m +aps)(ex (p)a’ (p)- i (p)b(p))

, (6-86)
1
= ﬁ;\/Efp ((0)p0 + (0)p3)(02 (p)aT (p) - le (p)b(p)) =0.
[0) |p L) =0 |py) is left chiral spin down particle (or RC spin up antiparticle) (6-87)

Conclusion: Q1 annihilates (turns to zero) a LC particle state with spin down
3-momentum in = direction
Let’s try 3-momentum in the opposite direction, i.e., p is in the —> direction.

In Klauber, Vol. 2, pgs. 136-137, in going from (5-11) to (5-13), we would take p* — —p>. So, instead of (5-14) therein
((6-78) here), we would have

1 1 0 1 0
! 0 - 0 e 01 ; 0],
\PKlauber=|:l/}£i|= l/{f =Z 7 a(p) 0le P+ ¢, (p) 0 px _ dT(p) 0 px+dfr(p) . ™ | (6.88)
|4 b 0 1 0 1
Y1 0 0 0 0
! 0 - 1| 0 1] ;
\P:Bﬂz l/}/; =2y a®) e el g P —di(p)| | |7+ (p)[ 5 " | (6-89)
p
X2 0 0 0 0

e

c1(p) destroys a LC particle and d;" creates a RC antiparticle. Since, p is in the —x* direction, the particle must have spin up
and the antiparticle spin down.

Let’s substitute (6-90) into (6-77), like we did before with (6-80) for p is in the +x* direction.
0 = J- O Xy (X)¢1 (X)d3x

J o o) - o f)] [ X gt 0 00 o

The only components that are non-zero are for b =1, so

0, = GII[Z( ¢ (p)e ™™ - di(p 'P*)][Z \/T( a’( e”“—b(k)e"’“‘)Jd3x. (6-92)

Via the same logic used for (6-85), we have

(6-91)

] 1
o =fZF(oﬂp0 +0\p +onp, + 0-131p3)(c1 (p)aT (p)- d; (p)b(p)). (6-93)
p 5

For p1 = p2 = 0, this becomes, where for massless particles p° = |p* | and here p* =—|p* | = = p° = —Ep,
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.

0 =%gﬁ<m +05)(a(p)at (p)- d} (p)b(p))
%gﬁ(ﬁ ~7*)(e (p)a’ (p)~ a3 (p)b(p))

- 5Tl A0 () 0100 =Tl 01 ) 000

P

2%, JE, (e (p)a' (p)- dl (p)b(p)

P

(6-94) is not zero, unlike (6-86), so the creation and destruction operators will get a chance to operate on states. Looking at
the construction and destruction operators we can conclude as follows.

Conclusion #1: Q1 destroys an LC particle with spin up (and 3-momentum down) via ¢ and creates a scalar particle via a'. Q1
also destroys an anti-scalar particle via b and creates an RC antiparticle with spin down (and 3-momentum down) via d>.

Conclusion #2: In the process, 01 leaves state 4-momentum unchanged (p — p).

Conclusion #3: Q1 annihilates all other states (transforms them to zero).

As an aside, recall from Wholeness Chart 6-2, pg. 26 herein and Klauber, Vol. 2, Sect. 2.6, pgs. 45-47, that the spin matrix
operating on the field ¥ gives the same eigenvalues as the spin operator for states does acting on a single particle fermion state
|¥). So, if we operated on the field (6-90) with the field spin operator in the Weyl rep (see Klauber, Vol. 2, Chap. 5, (5-20), pg.
139, repeated below as the LH of (6-95)), we find it has spin up, which is what the related fermion particle state has, and which
we deduced in other ways above.

1
Weyl rep, 4D spinor space 523 :% -1 1 2D LC spinor space 03 = %[1 _J (6-95)

-1
See Wholeness Chart 6-1, pg. 25, for a summary of the above analysis of Q1 and the following.
What does Qllr do?

If we went through all of the math, we would find Q1 is the inverse of Q1. It reverses the action of Q1.

Conclusion: 01 creates an LC particle with spin up (and 3-momentum down) and destroys a scalar particle. 01" also creates an
anti-scalar particle and destroys an RC antiparticle with spin down (and 3-momentum down).
Conclusion #2: It annihilates all other states (transforms them to zero).

What does Q2 do?

Going through all the steps like we have done above for 01 for 02, we would find the following.

Conclusion #1: O destroys an LC particle with spin down (and 3-momentum up) and creates a scalar particle. Q> also destroys
an anti-scalar particle and creates an RC antiparticle with spin up (and 3-momentum up).

Conclusion #2: (» annihilates all other states (transforms them to zero).
What does Qzlr do?
Going through all the math, we would find 0> is the inverse of Q. It reverses the action of Q».

Conclusion #1: O»" creates an LC particle with spin down (and 3-momentum up) and destroys a scalar particle. 0> also creates
an anti-scalar particle and destroys an RC antiparticle with spin up (and 3-momentum up).
Conclusion #2: It annihilates all other states (transforms them to zero).

Note #1: In essence, 01 and Q> do the same thing. They change an LC fermion into a scalar. The only difference in the two
operators is that the first lowers a spin m =+ to a spin 0, whereas the second raises a spin m =—" to a spin 0. But, in both cases
the magnitude of the initial spin j = ' is the same, and the chirality/helicity (LC=LH) is the same. The difference is only relative
to the particular alignment of the x* axis we chose to employ. Physically, there is no difference between the effects of Q1 and Q».
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This is the main reason, I believe, why we call this N=1 SUSY. Ultimately, though we work with two transformations (and
their complex conjugate transposes), there is really only one physical effect.
Note #2: The action of the O, on states can be also be found using the commutation relations (6-9) and a relation between
the spin operator and the O, as in Aitchison, Sect. 4.4, pg. 61. However, the approach herein more closely parallels the
usual approach in QFT to the e/m, weak, and strong force theories, plus shows clearly how the antiparticles come into play.

6.7.2 Right Chiral Fermions and Left Chiral Antifermions

All of the prior sub-section was done for LC fermions (and RC antifermions) and their SUSY spartner scalars. These form
weak interaction doublets in SU(2) space.

RC fermions (and LC antifermions) are a separate animal, and are singlets in weak SU(2) space. However, both LC fermions
and RC fermions form doublets in superspace with their SUSY spartners, as do their antiparticles.

We could derive the SUSY charge operators for RC fermions (and LC antifermions) in the same manner as we did in Sect.
6.7.1 for LC fermions (and RC antifermions). That is, we could follow the same 7 steps we did there, but we won’t do it here. We
do, however, show the results of this in the bottom half of Wholeness Chart 6-5, pg. 29.

6.7.3 The Proof We Skipped Over Earlier

Homework Problem 6-1.: We are now prepared to prove (6-74), and we will do it as homework. That is, show that 4-
momentum and Q, commute, as do 4-momentum and Q., i.e., show [Qa,Pﬂ] = [QJP}J =0. Hint: Operate on a state and

note that, as shown above, 4-momentum is unchanged under the action of Q, and Q..

6.7.4 Summary of the Commutation Relations

Note that the key anti-commutators and commutators (for N=1 SUSY) are summarized in (6-9).

6.8 Solutions to Homework Problems
Homework Problem 6-1.: Show (6-74), i.e., [Qa,Pﬂ] = [QJ PJ =

Ans. Consider p# and s as the 4-momentum and spin of the state |p#, s) and look first at O1. The eigenvalue of the 4-momentum
operator P* is the number p*.

[QI,P”:”p”s> = QIP”|p”s> P”Ql|p s> op" |p P”‘p”,s —%> (Note:p” unchanged under Ql)
=p"Q |pﬂ5>
[0, P* ]| ps) = 0,P*| p*s) - f”£b|p”S>=£bp”|p”8>—fm‘p”,8+%>

=P”Q2|P”S>—p”‘p”,s+%>:p”‘p”,s+%>_pﬂ‘pu’s+%>:0

\p s——>=P%P”J‘%>‘p%p””_%>:O (6-96)

This result is true for any fermion state (different type or momentum), so therefore (6-74) is true. Similar analysis holds for Q,".

In (6-75), we assumed (6-74) was true to prove O, doesn’t change the 4-momentum of a state. Here, we did the reverse. We
know (which we didn’t when (6-74) was introduced) that 4-momentum is unchanged under the action of Q,. (See (6-94) and

Conclusion #2 following it.) Using that in (6-96), we showed that (unchanging 4-momentum) means O, commutes with P~ i.e.,
(6-74).

Homework problem 5-2: Prove P? commutes with all Qg and O,
Ans.
27 _ _ _
[0,.P*|=0,P"P, - P*P,Q, = P*Q,P, - P"Q,P, =0

|:QT P2:|=QTP,UP —_PHp QT=PﬂQTP _PﬂQTP =0 (6-97)
a’ a u u=a at u at u
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7 The Wess-Zumino SUSY Model

7.1 The Wess-Zumino Lagrangian
7.1.1 Stating It

In this sub-section we merely summarize the Wess-Zumino model Lagrangian. The next sub-section discusses how it is
derived.

As in the prior chapter in Aitchison and the prior section herein, we focus on the LC field y, and for the moment, ignore the

RC field y. The subscript WZ does not refer to W and Z fields in weak interactions, but to Wess and Zumino, the discoverers of
this model.
Z;

T

oWz = 8#¢iT6”¢,- + )(,Ti&ﬂaﬂli + Ft.TFl. i = flavor (or later, gauge) Aitchison (5.1) [70] (7-1)

For the interaction Lagrangian (for ¢, y, and F type fields), we will need a quantity called the superpotential, symbolized by
W, where y;i are called the Yukawa couplings.

W =L, + Ly b Aitchison (5.9) [72] (7-2)
From (7-2), we define
W - %V = Myp,+ Ly, Aitchison (5.17) [73]  (7-3)
o'W o
(= PPy =M + ydy Aitchison (5.8) [72]. (7-4)
J

Then, the interaction Lagrangian is (where /.c. means Hermitian conjugate of prior term(s))
2
Lo = =W 7+ hef  See Aitchison (522) [741, (7-5)
and the total Lagrangian (for these particular fields) is
7 .—u 2
Ly =Lrows + Loz =080+ 7i6°0, 2+ F =W =3y, 2, +hel.  (7-6)

7.1.2 Deriving it

Each term in the Lagrangian has dimension 4. By demanding that interactions are renormalizable, the coupling constants
have to be dimensionless or have negative dimensions. See Klauber, Vol. 2, Sect. 16.3.2, pgs. 475-476, with Bottom Line
summary on pg. 476.

From this restriction and one other on ¢ (see Aitchison, pg. 71) that is needed for an invariant action, Aitchison (Chap. 5)
deduces the most general form of Lint wz to be as in (7-7). At this point ¥; and Wj; are unknown functions of the scalar fields ¢,
and the shorthand notation for the argument (¢, ') represents all scalar fields ¢ and their complex conjugates

A =VZ(¢,¢T)E —%Wj (¢,¢T) X X, +he. Aitchison (5.3) [71]  (7-7)
By extending the criterion of constraining the Lagrangian to result in an invariant action, (Aitchison, pgs. 71-73), from (7-7)
one can deduce (7-5) as the only possible form for the interaction Lagrangian for these fields.

Bottom line: We get the specific form for the interaction Lagrangian for scalar, LC fermion, and auxiliary F type fields (7-5) by
requiring

1) renormalization (so all coupling constants have dimension < 0 ) and
2) an invariant action under the SUSY transformation set (6-26) to (6-28).
7.2 Special Case Example: A Single Chiral Superfield

To simplify, in the following, we will only consider a single y and its single spartner ¢. That is i = only 1 in (7-6), and we
ignore the subscript i.
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7.2.1 Masses of Fermions and Sfermions
Using (7-6) for a single y and a single ¢ in the Euler-Lagrange equation, Aitchison (pgs. 74-76) shows that the equations of
motion for the scalar and fermion fields are

0 ya”¢+|M|2 $=0 Aitchison (5.29) [75] (7-8)

2
0,0" y+\MI" =0 Aitchison (5.41) [76]. (7-9)
This confirms that under the SUSY transformation between y and ¢, the mass is unchanged, which we already showed in (6-76)
and summarized in the conclusion below that equation.

So far, for us, we’ve dealt with massless particles, for both fermions and their scalar spartners. However, we know that in
our contemporary universe, after Higgs symmetry breaking, we can’t have partners and spartners with the same mass, since no
spartners are seen at the standard model particle mass levels. So, there must be some symmetry breaking in SUSY (as we already
know anyway) in which the spartners obtain masses that are much greater than their SM partners. This is an advanced topic, and
we won’t delve into it here.

7.2.2 Interactions

For a single fermion/sfermion pair, (7-6), with (7-3) and (7-4) becomes
Ly, =0,870"p+ 11160, 4+ F'F W[ LWz +he)

2
=070+ lic 0,y +F'F —‘M;ﬁ +1 y¢2‘ MMy gy +hel

7-10
=0,0'0"p+ 11150,y + FIF —IMI gg" ~ L (M V' 9p™ + M"y¢26" )~ L|)| g™ o
—%{M;(-;(+h.c.} —%{y;ﬁ;{-}( +h.c.}.
We can gather terms in (7-10) of the same order into groups.
Free (Quadratic) Terms
Ly aaa 0,809+ 1'i5"0,, 2+ F M gt —%{M;(- J +he) (7-11)

Interaction Terms

Interaction terms will all show up as vertices in Feynman diagrams, of three or four particles, which we break into the
following categories. (7-12) below will represent vertices for three scalars; (7-13) for four scalars; and (7-14) for two fermions
and a scalar.

Lygeuie =—+(M y 9™ + My 9?4') (7-12)
2 242

%quam'c :_%|y| ¢ ¢T (7'13)

Lz vukava =~ SAvby - 1 + el (7-14)

So,

[WZ = [Wunad + [WZcubic +[Wunaritc +[WZYukawa . (7'15)
S

free intereaction

7.3 Converting to Majorana Rep

In the section after this one, we will need to have the fermion fields in the WZ Lagrangian in the Majorana rep and the
complex scalar ¢ expressed in terms of the real fields 4 and B as

¢=%(A+i8). (7-16)

Since the fermion fields in the Majorana rep are real, using them and the fields 4 and B in place of ¢ provides us with
relations in terms of purely real fields.
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In Klauber, Vol. 2, Chap. 5, (5-9), pg. 136, we find the transformation for spinor fields from the standard rep to the Weyl
rep s-wU. Being unitary, its inverse, from the Weyl rep to the standard rep is simply

I 1 1
wosU =s_w Ut :%{—I J 1={ 1] Klauber notation (7-17)

In Aitchison’s notation, the top two rows of a 4-spinor are exchanged with the bottom two rows. So, the matrix is changed
by interchanging the first and second columns.

1 1
wosU =gy U t =%L _J Aitchison notation. (7-18)
In the same reference, (5-24) takes spinor fields from the standard to the Majorana rep.
1 1 (72 .
souU = 2 o, -1 Klauber notation. (7-19)
u-1|% ! Aitchi i 7-20
=7 . t tat -
S—M Nl o, itchison notation ( )

So, to transform the Weyl spinor we have been using throughout to the Majorana rep, we simply transform it first to the standard
rep via (7-18) and then that result to the Majorana rep via (7-20).

0 1 I 110
somUwosU _ 1|7 L =¥ (LCWeyl spinorinMajoranarep) (7-21)
~ 7y 20 -1 o, 201 -1 X

Note that ¥7, generally has four non-zero components, whereas the 4-spinor for a LC fermion in the Weyl rep has only the

bottom 2 components as non-zero. Note also the following identities, which, given time, one could work out using the appropriate
transformations, and which we will use below to get (7-23) and (7-26).

lTio__‘Lla‘le to M:léil())rana \T’f,]i}/‘lﬁﬂ\l’f,j (7 22)
Zoxthe=gog+ gyt O,y By D AR A R I T

Thus, (7-11) to (7-14) become, in the Majorana rep, where we assume M and y are real numbers,

. — 2
[Wunad :Zflgﬂaﬂl_%{MZ'Z"‘ZT'ZT}+6/¢¢T6”¢_|M| ¢¢T+FTF

B, (170, ~ M) ¥4, +(0, 45 (4~iB))0" J-(a+iB)-IMF - (4+iB)f(4=iB)+ F'F (7-23)

L
2
=197 (o, -M)¥i, + 10" 40,4+ L0"Bo,B-LM* 4> - LB + F'F

Lz =5 M yJ5(4+ iB)(%(A - iB))2 - %M*y(%(/l + iB))2 (%(A - iB))

__1 1
2 2772 242

M%(A+ iB )(A2+Bz)— ML(A2+BZ)[A— iB j:—MLA(A2+BZ) (7-24)

cancels cancels

=M gA(4* +B>)  where g=—2

2V2
2 2
Ly guaric =57 (%(A + iB)) (%(A - iB)) =L y?(4+iB)(4~iB)(A+iB)(A~iB)
=2 (42 +B?)(4? + B?) (7-25)
:—%gz(Az+Bz)2 where g:%
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Lyt vana = —3{v07 2+ he) =—%{(%(A+iB));(-;(+(%(A—iB))(;(';()T}
=—%{AZ‘Z”B}(‘Z+A(I‘Z)T _iB(Z‘Z)T} Z—%{A(I-IHI-I)T)+iB(;(-;(—(;(-;()T)}

__Y Tr 3
=S5 AV Y, + BV P |

(7-26)

_ 7 . 5 _
=g {4V, P, +BY], P | where g=o5.

7.4 Cancellation of Divergences in the Wess-Zumino Model
7.4.1 Introduction

Recall from Sect. 2.2.1 pg. 6, on the Higgs gauge hierarchy problem, the main contributions to the quadratic divergences in
the Higgs mass using cut-off regularization, shown there in Figs. 2, 3, and 4 and added together in (2-14). In Sect. 2.4, pg. 10, we
outlined how SUSY might eliminate these divergences.

We now show explicitly how, in the Wess-Zumino model, they are eliminated. Or, at least, we will show how the
contributions from the scalar Higgs and fermion loops of Figs. 2 and 3 can be cancelled. We will here ignore the W and Z loop
contributions, as we have yet to examine SUSY for spin 1 fields, though one can expect similar SUSY effects for them.

As noted in Sect. 2, the Higgs mass, represented as an X in Feynman diagrams, has higher order loop corrections that modify
the value of that mass. These many loops are all represented collectively in Fig. 7-1 in the commonly used symbol of a grey circle.
In the prior section we represented the Majorana SUSY scalars by the letters 4 and B. We show only one of these in Fig. 7-1, and
treat only that one in the analysis following. Similar results follow directly for the SUSY scalar B. We assume A represents the
Higgs field/particle.

H H  Higher order H H SUSYscalar 4 A
Lt TR ON T O-

corrections notation

Figure 7-1. Corrections to the Higgs Mass from Higher Order Loops

Assuming the incoming and outgoing Higgs particles are virtual with 4-momentum £, we have an amplitude for the
corrections in Fig. 7-1 of
. Ay ; i . i . . .
MzzAF(k)szAF(k)zlgz_Mz e veRR LS LI (7-27)
Istloop  2nd loop

where each i, represents a different internal loop (or set of loops) diagram. The iAr propagators are the same for every diagram,
so we only need to examine i[1.

The scalar diagrams that give us quadratic divergences, via the cut-off regularization method, are those of Sect. 2, Figs. 2
and 3. We now show that SUSY can cancel the contributions from those diagrams. We will first present the amplitude for each
figure, then in a subsequent sub-section, outline how those are arrived at.

7.4.2 Scalar Loops

All quadratically divergent loops (via cut-off regularization) with scalars are shown in Fig. 7-2. These also include log
divergences, but those are not critical, so we focus on the quadratic parts here.

(a) (b) (c) (d)

Figure. 7-2. Quadratic Scalar Loops
(In Aitchison, Figs. 5.1, 5.2, 5.3, and 5.4, pgs. 79-81)
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For Fig. 7-2(a)

Let’s look first at the contribution to i1 from Fig. 7-2(a). Aitchison deduces this using the Green function approach on pgs.
78-79 to find his (5.56). The reader should study that, but we will do it here in an alternative way, with the canonical method.

Recall from Klauber, Vol. 1, Wholeness Chart 8-4, pg. 249, the interaction amplitude between an initial state i and a final
state fis

S =(/1S]). (7-28)

where S is the time ordered operator found from the interaction Lagrangian in the interaction picture £ =3/,

s=1 =" (w)ats -%[7 7 {71, X 72’1(x2)}d4x1d4x2+ ...... (7-29)
o) S(l) )

We evaluate (7-29) using Wick’s theorem for time ordered operators 4,B,C, ...,

T{(4B..)y, ..(4B..), } = N{(4B..) ......(4B..), |
N { (AB..)x, (AB.)x, ...}+N {(AB..)XI(AB..)XZ..}+...+ N { (ABC...)x;(ABC...)x, }+ (7-30)

A,B,C, ... represent quantum fields, such as y, y;, 4“ in QED, and here, the A and B of Fig. 7-2. With (7-30) in (7-29), and that §
in (7-28), we get the amplitude Sp.

For 7-2(a), we consider the incoming and outgoing A fields to be propagators, in order to keep things simplest. We can
imagine one scenario in which two incoming real particles annihilate one another, and an 4 is created. Similarly, the outgoing 4,
at a vertex, turns into outgoing real particles. There are, of course, many ways to create an incoming propagator and an outgoing
propagator, but in order to simplify, we focus on just the propagators themselves.

We know from (7-25) that

2
:}-[IIWunartic:_[v :%gz(Az"‘Bz) =%g2A4+g2Asz+%ng4. (7-31)

WZ quartic

The next to last term in (7-31) gives rise to the vertex at the center of Fig. 7-2(a). Other terms will give rise to the incoming and
outgoing A particles (propagators). If x is the incoming spacetime value (where we streamline by taking x = x*), y is the outgoing
value, and z is the value at the four-vertex, then, we will find terms in (7-30), and thus, (7-29), of two forms,

A0 ADIDBEEG) 40) 4G ADADBOEE) 40). (7-32)

Each of the two terms in (7-32) must be counted equally in the determination of the total amplitude, and for our purposes for the
determination of the loop factor i[1; of (7-27), where i here means 7-2(a), and which we designate as —iH(AB ).
Recall from Klauber, Vol. 1, Wholeness Chart 5-4, pg. 160, that the scalar propagator in momentum space is
Ap (k) = # mass & = M in Aitchison , (7-33)
k> —u" +ie
and this is the form of the propagators for the B field loop in (7-32).
So, with the Dyson-Wicks expansion in (7-29) we get

s - [[ N[z‘ll(x)z‘ll(Z)zl‘l(Z)llg(Z)Bl(z)zlél(y)j +N[z‘f(x)zl‘l(z)/ll(z)lf(z)Bl(z)zl‘l(y)Jd“xd“yd“z (7-34)

We can exchange dummy variables x and y in the second term of (7-34) to get
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s =—g2m- N[z‘ll(x)fll(Z)f(Z)£|?(Z)£T(Z)z|4(y)] +N[ (v )A(z)A(z)B(Z)B(Z)z‘l(JC)]d4xd4yd4

| |

:_zgzm N[ff(x)f|1(z)Tl(z)zle(z)Bl(z)fll(y)]d“xd“yd“z (7-35)
- ]

= —2g2”.[ iAg (x—z)iAF (z—z)iAF (y—z)d4xd4yd4z.

Our Feynman amplitude in momentum space thus becomes (compare with (7-27)), where we can read off (7-37)

- - ' d'k 1 i
M =in, (K)mPia, (k) = =——| ¢ . . 7-36
F 4 F 52— M2 g I(zﬁ)4 K2 — M? K- M2 ( )
18
IHA
where M is the mass of the B particle (as well as of the 4 particle), and we have to integrate the loop over all . Thus,
: (8) _ 1 L
Fig. 7-2(a —ilT, Aitchison (5.56) [79], 7-37
g. 7-2(a) (2)k2M2 (5.56) [19],  (7-37)

Although we won’t be needing it what follows, using cut-off regularization, Aitchison deduces
~II® = 2g28L2(A2 ~M?In(A/ M)+ finite terms as A—> ) " (5.61) [80]
7

7-38
ol as (7-38)

.
————  lower order
quadratic part  and finite parts

which has quadratic divergence in energy level A.

For Fig. 7-2(b)

Homework Problem 7-1. Derive (7-39).

Other Diagrams in Fig. 7-2

One can deduce the other quadratic contributions shown in Fig. 7-2. Aitchison shows these deviations in abbreviated form
on pgs. 78-85.

. (4) d*k L
Fig. 7-2(b) =T = 4 m Aitchison (5.64) [80] (7-39)
d“k 1
Fig. 72() Y —_18g j o EoiE Aitchison (5.69) [82]  (7-40)
. (0.B) 2 d'k L
Fig. 7-2(d)  —il17% =- j O oI Aitchison (5.72) [83]  (7-41)
O K-

7.4.3 Fermion Loops

Figure . 7-3. Quadratic Fermion Loops
(In Aitchison, Figs. 5.5 and 5.8, pgs. 82,84)
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We state without proof that

1
(2 ) kZ MZ

Fig. 7-3@)  —i14? Aitchison (5.74) [83]  (7-42)

Fig. 7-3(b)  —IT7e ) — Aitchison (5.84) [85]  (7-43)

—8g I (27 ) kz M2
7.4.4 Adding All Loops Together
—iHA=(2+6—18—6+24—8)g2J‘L]:%=0 (7-44)
If 4 is the Higgs scalar, then the quadratic divergences to its mass sum to zero, assuming it has a sfermion SUSY partner y.
Special Note on Fig. 7-3(a).

You may recall studying tadpole diagrams, such as shown in Fig. 7-3(a), where for fermion loops the contribution to the
amplitude is zero. This is because, for every fermion loop (with arrows in one direction) there is an antifermion loop (with arrows
in the opposite direction). Antifermion propagators have the same magnitude, but opposite sign, from their sibling fermion
propagators. Each contributes to the amplitude, but they cancel one another leaving a net contribution of zero.

The difference from the usual tadpole diagrams with fermion loops is that here we have a Majorana fermion (sfermion, to
be precise), which is its own antiparticle. So, there is no second diagram to cancel the first one, and the sfermion tadpole diagram
does make a contribution to the amplitude, which turns out to be (7-42).

7.5 Final Note

As we have noted above and in earlier parts of this document, the quadratic divergences with A occur for the cut-off method
of regularization, but not the dimensional analysis (DR) method. So, it seems legitimate to question whether there really is an
issue with the mass of the Higgs, since the cut-off method did not work in QED, but the DR method did.

Martin® notes, however, that with DR, one finds a quadratic divergence with the mass of any heavy complex scalar (which
may exist but we have not detected) coupled to the Higgs. So, the problem still exists there. The SUSY solution shown above
eliminates these contributions, however, before we choose either the cut-off or DR method to evaluate the integral in the first line
of (7-37), which recurs for all other contributions (7-39) to (7-43).

7.6 Solution to Homework Problem

Homework Problem 7-1. Derive (7-39)
Ans. Fig. 7-2(b) arises from the first term after the last equal sign in (7-31), % g?A4* . Tts analysis follows what we did above for

Fig. 7-2(a) and the second term after the last equal sign in (7-31), except for the factor of 'z and the different number of separate
subamplitudes from (7-32). The first four of the subamplitudes have contractions like this.

AG) AQAUOAE) 46) 40 ADADADAE 40)

AR) A@2)AEARAR) AQ) Ax) AQ)ADAER)A(Z) A®Y) (7-45)
L | | = ]

From (7-45) we glean that for each contraction between two fields at z, we have two subamplitudes. With a little thought
you can convince yourself that there are six possible such contractions between the four 4 fields at the z vertex. Thus, there are a
total of 12 such subamplitudes. But since we have a factor of %2 now that we didn’t have with the g?4*B* term., the factor in front
of this subamplitude integral is 12 X 2= 6. (We had a factor of two in (7-37).) Thus,

d*k 1

(4 _
=il = )4 M

repeat of (7-39)

2 Introduction to Supersymmetry, Stephen P. Martin, https://www.niu.edu/spmartin/preSUSY2019 Martin.pdf, pg. 12/ .
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8 Superfields

This section comprises an introduction to, and overview of, superfields, as treated in Aitchison Chap. 6, plus a supplying of
missing steps in certain parts of that chapter.

8.1 Preliminary Concepts
We need to get two ideas under our belts before diving into superfields.
8.1.1 Invariant Subspaces and SUSY

Invariant Subspaces in the Standard Model

If the following is not clear, you may wish to read/review Klauber, Vol. 2, Chap.2, pg. 71, subsection “Full Expressions of
Typical Fields in QFT”, and Chap. 14, Sects 14.1.2 to 14.1.7, pgs. 419-423.

From (2-110) of the first citation in the prior paragraph, as an example, we express the quantum field for a LC green up
quark.

0 0
LCgreen 1 _ i _ m —ipx | gt ipxy| 1 |1 8-1
up quark \P"‘g - \Plz - z VE (Cur (p)ur (p)e + dur (p)Vr (p)e ) 0 1 v, 0 1 ( )
r,p p w10 s w0 s

general solution to Dirac equation for up quark,

The field has spacetime parts (the +ipx exponents and the spinors u, and v;), up quark parts (the ¢, and d',, parts), a weak
isospin part (the two-component doublet), and a strong force part (the three component color triplet). Somewhat hidden is the
electric charge part, for which a charge operator exists whose eigenvalue for (8-1) is +2/3.

Translation and Lorentz transformation operators act on the e*7* parts in 4D spacetime. Spin operators operate on the spinors
in 4D spinor space. The weak isospin operators (the Pauli matrices) operate in SU(2) space on the doublet. Strong interaction
operators (the Gell-Mann matrices) operate in SU(3) space on the triplet.

A Lorentz transformation will change x#, but not spin, nor electric charge, nor up to down, nor green to red or blue. A Gell-
Mann operator can only change color, i.e., the component of the triplet. It can’t change x#, spin, electric charge, or the weak
doublet component (up to down). Each space has its own operations associated with it. And none of these operators affect changes
in any other space than the one it operates within. (For the purist, we are ignoring complications after symmetry breaking for U(1)
electric charge and SU(2) weak isospin, but considering U(1) hypercharge and SU(2) weak isospin spaces.)

The key point is that none of these operators changes things outside of the particular space it operates in. The domain of
spacetime is called an invariant subspace of . The same goes for the domains of each of the U(1), SU(2), and SU(3) spaces.
Mathematically, we say the domains of the component operators are mutually orthogonal and taken together, they span the domain
of W, which can therefore be expressed as an outer product.

V=", @Y, ®¥0 ®@¥gya)» (8-2)

where a given operator only acts on one space without changing anything in the others.

How SUSY is Different

As we have seen earlier (seven steps in Sect. 6.1, pg. 25), we follow similar steps to develop any QFT. In dong that, we find
the symmetries of the Lagrangian under transformations of various fields, or more precisely, under transformations of various
subspace fields as in the RHS of (8-2).

As one example, we can consider in SU(2) isospin space of the first Pauli matrix (the first generator of the SU(2) group),
what happens to an up quark.

0 0 0
w0 w)lo w0
s s s

The operation has changed our “vector” (doublet in “group theory speak™) from up to down. So, operations in a given space
(like, by analogy, a rotation of a vector in 2D originally aligned along one axis) can change the “vector” (multiplet) in that space.
And this changes the character of the subspace multiplet from a particle with a particular property to different such property, in
this case up to down.
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SUSY is different in that a SUSY operation, as we will see, can change a field, not just inside the SUSY subspace, but
outside it, as well. That is, a transformation changing spin type (say from LC to scalar) will also effect a change in position x# of
the field. The SUSY transformation, though formulated as acting in the SUSY subspace, will actually affect parts of the field
outside of that subspace.

Recall our (infinitesimal) SUSY transformation in its 2D space, from (6-29) (pg. 33), also shown in Wholeness Chart 6-2,

pg. 26,
% m ) [—ia‘f@ﬂ : M ' Lﬁﬂ ‘ (8-4)

This switches spinor fields with scalar fields, and one would expect that is all it does, that it does nothing to other parts of the
field, such as color charge, weak isospin charge, and spacetime.

The surprise, as Aitchison and we deduce, turns out to be that (8-4) actually also affects spacetime. It leads to a translation
in 4D. It affects a space outside its own subspace. And in fact, since SUSY operations are internal transformations, we find an
internal transformation leads to variations in an external space. Details to follow after this Sect. 8.1.

8.1.2 Two Ways for Operators to Act on Fields

Field Operators vs State Operators

Recall from Klauber, Vol. 2, Wholeness Chart 14-1, pg. 423 and associated text, as well as from
http://www.quantumfieldtheory.info/Opers _Fields States.pdf, that we deal with two different spaces in QFT, the space of states,
e.g., |#), and the space of fields, e.g., ¢. Each has operations performed on them.

For example, as shown in the link of the prior paragraph, we have a spin operator that acts on fields plus a spin operator that
acts on states. They are related, but different.

In SUSY, we don’t talk much about the SUSY operation (8-4) on the Hilbert space of fields. We do talk a lot about the
SUSY operations Q1 and (> on the Fock space of states. Like the two kinds of spin operators, they are related, but different in
character.

Representing Transformations of Operations on Fields
The Concept

As noted, there are two types of operations, on fields and on states. But, now we want to talk about two ways to express the
same operation on just fields - two ways to do one of the types of operations (the field operations) described in the prior subsection.
We will find that, for fields, the same operation (variation in the field) can be described mathematically as, either

1. acommutator (or anticommutator) which includes the field, or
2. adifferential operator acting on the field.

How the Commutator Description Works

Recall that group operations in a given space are effected by the generators of the algebra of that space. Although we said
we would ignore states, we need to bring them in at this point as an intermediary step. So, consider a unitary operator U acting on
a state (unprimed) and transforming it to a different state (primed).

Uy =v). (8-5)

Now consider another operator acting within the same subspace of the state space as U, which we call O,p. Then, this operator
changes under U via

U'o,U=0,,- (8-6)

U can be expressed in terms of the generators G; of the algebra of the state subspace as (8-7). (Note I use a minus sign in
front of ig, as I believe the result is easier to follow than that of Aitchison, who uses a plus sign in his comparable equation (6.5).)

U = ¢ 6161 gmi62G2 yiesGy infinitesimal U=e G —1_ i£.G, . (8-7)

&

So, (8-6) becomes
U0, U™ = (1-i5,G,) 0, (1+i5,G; ) = Oy, ~ig,G,0y, +iOye,G, + higher order

op<j
. ' (8-8)
=0, +i5[0,.G; ]=0,, +50,,.
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Hence, the (infinitesimal) variation in the operator O, under the transformation U with generators for U, Gi, is
80,, =ig;[ 04y, G, |- (3-9)
The generators “generate” the transformation via a commutator.

How the Derivative Description Works
Consider the case where the operator O, is a function of one or more independent variables, which we label p;, which under
the transformation U change(s) by &. That is,

Oy = 04y (1) (8-10)
where, under the infinitesimal (& << 1) transformation,
b = Pi=ptE. (8-11)
We can thus express the change in O, under the transformation in a different way than (8-9), via

Opp =0y, + & %Oop + higher order = O,, + 60,, . (8-12)

i

So, for infinitesimal transformations

o0, ( p:
00, =¢; —(p ) . (8-13)
p;
The Result
So, from (8-9) and (8-13), which are both true,
500 o)
50, =& —————==i5] 0,,G, |. (8-14)

which is what we claimed at the start. The variation in an operator under a transformation can be expressed as a derivative or as
a commutator.

A Particular Operator: Translation in Spacetime
Consider a simple transformation, translation in spacetime,

x* — x" =x" +&"  orfor covariant components x, > X, =x, +¢&,- (8-15)

A scalar field ¢(x#), which in QFT is an operator like Oqp, doesn’t change its value ¢ under translation (as scalars don’t, though
vectors and spinors do change components). But, it does change its argument x#,

¢ (n) tramslation () g(se) 4 () . (8-16)

There is one generator for each spacetime direction g, we’ll label as G#, so (8-14) becomes
Sp=¢, [ #(x j—lg [¢.G"]. (8-17)

Consider (8-17) acting on a state (as fields do), where we use the chain rule in going to the second line and G* operates on both
the state and the field, but ¢ only operates on the state,

5¢|state) = (aﬂ %yﬁ

j|state> = (igﬂqﬁG” - igﬂG”¢)|state> =i¢, G | state) — igﬂG”¢|state>
u

(8-18)
= i5ﬂ¢(G” |state>) —ig, (G”¢)|state> - i8ﬂ¢(G” |state>) =-ig,, (G”¢)|state>.

From the expression after the first equal sign in (8-18) and the last expression therein,
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iqﬁ:—i(c;ﬂqﬁ) - iiqﬁ:Gﬂqﬁ S ogrei (8-19)
Ox ox ox,,

1% 1%

We relabeled G* as P, since it turns out to be essentially the 4-momenutm operator operating on a field. The caret (hat) on P is
used by Aitchison to imply a differential operator, and we will follow that symbolism here.

$(x)=>" 1 ak)e” ¥ > f’“¢=ii¢=p“¢. (8-20)

K V2V @, ax,

We started simply by taking G* as our generator for spacetime translations of states, without knowing its form as in (8-19).
But we showed, via (8-19) and (8-20), that it is actually the 4-momentum operator on fields.

(Note Aitchison sticks a minus sign in his (6.10) [89], in order to get the RHS of (8-20), whereas we used a minus sign in (8-7),

which is essentially arbitrary, since & can be positive or negative. IMO, it comes out with less head scratching the way we have
done it here.)

Summary of Ways to Represent Change in an Operator

Bottom line: For an operator (O, in general, ¢ in our special case) that is a function of a variable (o) in general, x,, in our special
case), where a transformation arises from a change in that variable, the change in the operator can be expressed in two ways, via
a commutator and via a derivative. We repeat (8-14) for the general case below. See (8-17) (with the RHS of (8-19)) for our
special case.

00, (p. . G. = generators of the algebra
50013 :giMZigi |:00p’Gi:| 5‘)1 :gi Gi :la_ . g . g (8_21)
op; op:; G, = differential operator form of generators

8.2 Deducing Aitchison Eq (6.28)

The operation of spacetime translation (via 4D translation operator P), plus operation of the SUSY superspace spinor (two
components) operator Q on LC states, plus the operation of the SUSY superspace spinor (two components) operator O (other

notation Q" or Q) on RC states is
Ulx,0,0") = e™7ei?0ei?0 Aitchison (6.12) [90]. (8-22)

The overbar indicates RC operation (on the top two components of a state in the Weyl rep); no overbar indicates LC operation
(on the bottom two components of a state in the Weyl rep);

Note the inner product of two LC spinors in the 3™ row from the bottom, 2™ column of Wholeness Chart 5-2, pg. 21, and

from that,
a -0, e
0-0=60 =0 -6 =(6 @& =4 @
0 0,=6,0-6,0, ( ! 2)[ O j ( l 2)[{1 }[QJJ
(8-23)

-1
"y (—iaz)Q where L } =-io, Aitchison (6.13) [90]

Note the inner product of two RC spinors in the 3™ row from the bottom and the very bottom row, 3 column of Wholeness
Chart 5-2, pg. 21, and from that,

. . . . 2 . . i
6-0=6,0" =-0%0" + 670" (" 6'*2)(Q *1J=(6"” 0°) L 1}(9@}
0 Q (8-24)

=67 (io,)Q" = 6'(ic,) Q™ where L l}zioz. Aitchison (6.14) [90]

So, the action of (8-22) on a field ® (which itself is an operator on states), where the initial field had x=0=6" =0, is
Ul(x,0,0)0(0)U " (x,0,0")=(x,0,6") Aitchison (6.12) [90]. (8-25)

Now, we examine the action of two successive operations UU.
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Ula,&.8)U(x,0,0") = e e$0e* 000”0 Aitchison (6.17) [91] (8-26)

From Error! Reference source not found., the P operators commute with Q and O, so

U (a, EE ) U (x, 6, 9*) — 4PN GEQ S0 00 60 ) (8-27)

To evaluate the last four factors, one needs the Baker-Campbell-Hausdorff (BCH) relation

A B :eA+B+%[A,B]+%[[A,B],B]+...

e’e (8-28)
Aitchison, in (6.20) to (6.23) shows the third and fourth factors in (8-27) to be
P Zo/ ifzea *b ). P& i7'7
= 99 = ez( £'(o* ) )Pe FOHEe (8-29)
turning (8-27) into
U(a’g’ 5* )U (x’ 9’ 9*) — eia'Peix'P e%(if"(ﬂﬂ)‘,b f*b )'Peif'QH‘E'Q ei@'Qeié'é
1
v * o o (8-30)
_ P P eé(if"(cr” ) E°)-P SIE0HIED 00 OO
: SEOHED 00 _ ei(cf'Q+5'Q+€'Q)+iz%[§'Q+E'Q,€'Q]+... _ ei(cf'Q+E'Q+€'Q)—%[cf'Qﬂ'Q]—%[E “0,6:0]+... (8-31)

O commutes with itself, so [5 -0,0- Q] = 0. Aitchison (reproduced in the appendix herein) evaluated the last commutator
shown in (8-31) to deduce his (6.21), part of our (8-29), where we take ¢ there equal to &here.

[6-02-0]=6'" (") P, Aitchison (6.21) [91]. (8-32)
With (8-32), (8-31) becomes
[2]= EQE o0 (6)y £ ... (8-33)
Since P, commutes with Q and Of, we can move it to the front of | 2 | in (8-33) and thus, in (8-30). This makes (8-30) into

U2, )0 (5,0,6") = P HE 1), A bl 0000}y

e
- (8-34)
~ PGP e;‘(z‘g’"(aﬂ ) &)P, elé(z‘e"(aﬂ ) £°)-P ei((§+9)'Q+§'Q) 00
%/—J

For |3, consider the BCH relation
G(er0r0) (50) _ illerorosso)if((svoyos0)] - i(e+0y0re0) _ i(e+0)0) i(£0) A((6+0y0E0)] —[3].8-33)

The commutator in (8-35), similar to (8-32), is
[(§+9)'QE'Q}(?WLH)”(G”)@?%P,,, (8-36)
SO,
_ J(&#070) JED) e0y & (oM un, _ i{(8+0)0) JED) e o), J0' (o), (8-37)

i
=e e

With (8-37) in (8-34), we have, where, as always, we commute P, with O and Q' (essentially Q ),
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U(ase)u(x0,6")

= eia‘Peix‘P” eié(éa(aﬂ )ah é:*h )'Pﬂ e%(g" (o_ﬂ )ah é:*h )'PF el((§+9)‘Q)el(E'Q) e%é:” (o‘” )dh é:*hPﬂ e%g” (o-ﬂ )ah é:*hPﬂ eig‘é (8'3 8)
cancels exponents add cancels exponents add
=P e(g"(cr” ) &) B, ei((§+9)'Q)ei(E'Q)ei§'Q ,

or, finally,
U(a, EE )U(x, 0,0 ) =P e(g’(gﬂ)"” ), ei((&g).g)ei((&g)@)
wp B, it l(E0re) J(£40)0) (8-39)
Aitchison (6.28) [92]

=e

Thus, the action of (8-39) on a scalar field is
Ula,&,8)U(x,6,67)0(0,0,0)U(x,6,6") U (a,6E)
=U(a,&8)0(x,0.0 ) U (a,8¢) Aitchison (6.30) [93] (8-40)
—o(x* +a" —i0" (") E0.0+E,0 +&°).

This means the action of U done twice successively results in the transformations of the arguments of the field ® as on the
right side of (8-41).

* M * *
ot ) VSl (o),
—
expected  ypexpected

Ulx“.06)

y o —UUEE) gL (expected)  Aitchison (6.29) [92](8-41)
U(x“,@,g*) s 0 U(xﬂ,g,g*) N 9*+§*

0

0

(expected)

The unexpected part of (8-41) arose from the parts of U containing Q (and its complex conjugate), not from the spacetime
part containing P,.

Bottom line: A purely SUSY transformation (two transformations, actually) on a field results in a transformation (translation) in
spacetime.

Interpretation

We might think of expressing, in manner similar to (8-2), the SUSY part of the field as an outer product, as in (8-42). But it
would be incorrect to use the ® symbol, because the SUSY and spacetime parts do not comprise invariant subspaces. They
actually mix, as we showed above in (8-41).

dincorrect

QY2 @ ¥su) ®‘I¢'sysy

Y= lTP4D ® lPU(l)

(8-42)

SUSY actually changes 4D

We might have suspected this, given that commutation/anticommutation relations for each of the four components of a
standard model field only involve field operators within its own particular invariant subspace. For example, the SU(2)
commutators only involve the SU(2) operators, the Pauli matrices, i.e.,

[o*,-,crj ] =2ig;0; - (8-43)
For SUSY, on the other hand, we have (6-72), repeated below.

(0.0 =(c")u B, (8-44)

+

It is (8-44) that results in (8-41), shown symbolically in (8-42).
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Remember that the Wsusy part of the field is a doublet comprising a particle’s field as one component plus its spartner field
as the other component. We have been using @ for the field in what we have been doing so far, rather than Y. ® represents a
scalar (with a SUSY sfermion spartner obtained via the SUSY transformation Q,), whereas W is used herein and elsewhere as a
more general field (scalar, fermion, gauge boson).

We can think of the field ¥ in (8-42) (or our @ in what we have been doing) as a vector in a large multidimensional Hilbert
space, where some axes are spacetime x#, some are axes in SU(2) space, some in SU(3) space, etc. The direction the field points,
figuratively, in this multidimensional space pins down what field we are talking about. The quantum numbers (eigenvalues of
operators for hypercharge, isospin, etc.) are each on a separate axis, and whatever they are determines what the field is. Different
quantum numbers mean different alignments of the ¥ “vector” in this higher dimensional space.

This ¥ vector can be visualized as rotated in the Hilbert space when operators act on it. An SU(2) operation (via Pauli
matrices), for example, can change a LC down quark into a LC up quark, which can be visualized as a vector pointing along one
SU(2) axis. The down quark could also, however, be “rotated” into a state which is a superposition of the up and down states. It
would then be pointed, figuratively, at some angle to both the up axis and the down axis in SU(2) space.

A SUSY operation on ¥ would “rotate” it between a field and its spartner field, either completely, or in the case of
superposition, to some state which is mixture of the two. But, whereas an SU(2) transformation doesn’t change the spacetime
argument x*, the SUSY transformation does, via (8-41). So, visually and figuratively, the SUSY transformation rotates the vector
Y out of the subspace one would otherwise consider it to be confined to.

In our case, we have used ¥ = @, and in (8-25), we turn a scalar ®(x* = 0) with no dependence on x#, 8, or " into a field
with such dependence ®(x*, 6, 8%). Thus, in our Hilbert space, it has spacetime positions along four axes of x° , x' x?, and x*; and

in SUSY space it has values along four axes of 81, 6, 6i*, 6*. It also has values along all the U(1), SU(2), and SU(3) space axes,
though those are usually suppressed when we are developing SUSY theory and use the symbol ®(x*, 6, 8°).

Thus, unlike our usual scalar fields in QFT, operations in SUSY space don’t affect just the values of 61, &, 6i*, é:*. They
also affect x*. In effect, the vector @ is “rotated” partially out of the SUSY part of the space. This “rotation” changes (adds or
subtracts values from) the x* axes. SU(2) and other operations do not rotate @ out of SU(2) (or whatever other) space. SU(2)

“rotations” do not change values along the SU(3) axis, or the x# axes. That SUSY transformations do this is a unique feature of
SUSY theory.

Definitions. ®(x*, 6, ") is called a superfield, as it has components of both a scalar and its sfermion partner plus it is a function
of eight variables x° , x' X%, x*, 61, b, 6*, and 6*, spanning an eight dimensional space. That space is called superspace.
Note that the four dimensions with numeric values 61, éb, &*, and é:* comprise a space of Grassmann variables, as those

values obey anti-commutation relations. The x*, on the other hand, are normal, commuting numbers.
Y g

In effect, the arena of spacetime we are so familiar with has been merged with another space and enlarged. This is why
SUSY is often described as having an additional four dimensions of spacetime. There are two ways to summarize the theory.

1. As a system of particles, each with a spartner (N =1 SUSY) having all the same properties except spin, or

2. as an eight dimensional theory, four being spacetime, with superfields that comprise both bosons and fermions and live
in all eight dimensions.

Note that the term “superspace” to define all eight dimensions is standard terminology. Herein, we often use the term “SUSY

space” to refer specifically to the space of the @and €”, i.e., the arena of just the SUSY operators O, and Q. That is different
from “superspace”.

8.3 SUSY Operators as Derivatives
8.3.1 The Objective and Procedure

This section summarizes Sect. 6.2, pgs. 93-95, in Aitchison, plus elaborates (hopefully to clarify) on parts of that section I
found confusing. In essence, for the SUSY operators O, and O, used in commutators, we find their derivative forms, symbolized
by Qa and QTa.

The procedure entails transforming a scalar ®(x*= 0) originally at the spacetime origin that has no SUSY components via
U(x*, 6, ) of (8-41) to get a scalar ®(x*, 6, ). We then work with that latter scalar as a more general form of @, i.e., not a
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particular one that has x*=6=6= 0. We then operate on ®(x*, 6, §') via U(a*, & &) of (8-41), and examine its variation &D(x*,
6, &) under that second transformation’ .

8.3.2 Finding Differential Forms for SUSY Operators Q, and Q74
The change in ®(x*, 6, 6, via the first relation in (8-17), is

50(0,0,0) = 5x* 22 4 590 9P, 550 9P (8-45)
o 26" 00,
With (8-41), this becomes
50 (x,0.6") =(a* ~i6% (o#),y &) 20 1 g0 O | g 0D (8-46)

ox* 00 oo

a

Recall the a* part of (8-46) came from the transformation of x#, but the other part inside the parentheses arose from the

transformations on #¢ and @, . We will focus on the SUSY transformations, employing 8 and €, , not the spacetime
transformation, so we now consider that case, i.e., the case with a# = 0 in (8-46). For that, (8-46) becomes

A CA N R R e
Ox 00 0o, Aitchison (6.31) [93].  (8-47)

(tranformation only on #“ and 0: , not x* )

Consider (8-21), where here Oop = @, G12 = Qq4, G34 = Q'g, and & = £9, &, . Then, comparing to (8-47), one notes there is
one term in &% and two terms in &, . The former is a relatively easy deduction,

A . 6
=1 .
< 06°

(8-48)

For the latter we have (note Aitchison is a bit confusing on this, as his (6.38) and (6.39) should be combined)

. Ang . o 0D« OO
50" =-0"(c") o & i (8-49)
%,_GJ

* b aq)
oxt

part of yields 0 = i~ part of yields —i& ,01'® =—i6% (), £ (8-50)

00,

Aitchison then uses the properties of Grassman variables [pg. 93-93] to convert and thus, convert (8-50) to

N D 0

AQAW T, ot :Q‘m - QO =-i +6° (O‘” )ba
P Ox

Aitchison (6.41) [94].  (8-51)

a*

(8-48) and (8-51) are the expressions we were seeking: the SUSY operators expressed as derivatives.

Homework Problem 8-1. Show that this form of the SUSY operators, (8-48) and (8-51), satisfies the anti-commutation and
commutation relations of the SUSY algebra (6-9).

8.4 Chiral Superfields and Their Component Fields
This section summarizes Sect. 6.3 of Aitchison, pgs. 95-97.

We can expand the superfield @ in powers of #and &°, where we note that any products of form 6,8, (underline = no sum)

or &30, equal zero, for Grassmann variables. However, we can simplify, for the time being, by consider "= 0, so we are only
dealing with a LC superfield (having only y fermions and no & fermions).
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®(x,6,0)=¢(x,0,0)+0- —¢(x00)+ 6- o9 ¢(x00)
LC superfield (8-52)

= $(x,0,0)+ 6" aZ“ —$(x,0,0)

b
Note that (8-52) is actually exact, and not a lower order approximation, since the higher order terms are all zero.

Aitchison then claims (and later proves in Sect. 6.3) that in (8-52),

0 1 & 1
9-£¢(x,0,0) =0 7(x00) and 56- 9¥¢(x,0,0) =50-0F(x,00), (8-53)
so that (8-52) becomes
D (x,60,0)=¢(x)+ Q-Z(x)+%0-0F(x) Aitchison (6.43) [95], (8-54)

where the fields ¢, y, and F transform correctly, i.e., as in (6-26) to (6-28).

Bottom line: (8-54) represents a LC superfield containing the components fields ¢, y, and F, all of which transform correctly
under the SUSY transformations. The chiral superfield is said to provide a linear representation of the SUSY algebra.

Note that @ comprises a scalar, its SUSY fermion partner, and the auxiliary field, and in addition, lives in a six dimensional

space of four x# and two 6. If we had done a similar thing by expanding in #and 8", we would have ®(x, 6, #”) in terms of a
scalar ¢, an LC fermion y, an RC fermion i, and the auxiliary field /. That superfield would live in an eight dimensional space

of four x#, two 0%, and two 6".

Note further that even though (8-52) is exact, in the derivation showing it equals (8-54), infinitesimal transformations were
employed. So, that latter relation is good only in the small parameter limit.

8.5 Products of Chiral Superfields
This section summarizes Sect. 6.4, pgs 97-100 in Aitchison.

Consider, instead of a single flavor field, a single spartner, and a single F field in (8-54), we consider all flavors, each having
a different subscript i. Then

D, (x,0,0)=¢,(x)+0-y, (x)+%0-0Fi (x) Aitchison (6.53) [97].  (8-55)
It turns out we can deduce valuable expressions from products of two or three superfields of form (8-55). For example, from

®,0; = terms with pairs of fields multiplied . (8-56)

As Aitchison shows, if we examine only the terms that have an F; factor in them, they have a useful form, as follows, where the
bar /' means only terms resulting from (8-56) that had an F; factor.

w

quad —

im0, =MpF,-Lm,y.y M, symmetricini,j.  Aitchison (6.62) & (6.63) [98].(8-57)
Similarly, for a triple product of superfields
D00, (8-58)
one finds
Wi = v DO, D \ =L yud b~ vt b vy symmetricing,jk  Aitchison (6.68) & (6.69) [99].  (8-59)
Consider

W= pp;uad 4_I¢2

ubic —

M D0, ‘ 6yl]k O,0 @k‘ (< in terms of superfield @)
| (8-60)
_MU¢ZFJ _jMijZ' )(+§yy'k¢i¢jl:}c 5 Vi Xi ‘)(j¢k :

From (7-7) (repeated below) for the Wess-Zumino model
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Lwna =88 E =37, (64') 1 2, + he.. (8-61)
which along with (7-2), (7-3), and (7-4) (repeated below),

ow oW
W= g =Mt + 3V Wi = sgag = Mo+ indh (8-62)
(i J
W=IM,p4,+1y,066 (— thisWfor W-Z model) (8-63)

gives us
Liwwz =M@, F, + %ytjk¢j¢kﬂ - %szlj A~ %ytjk¢kli "X the («= W-Z model), (8-64)

which equals the second row of (8-60). Considering the potential in the Lagrangian is negative, we find the Wess-Zumino
superpotential is —I¥, although the minus sign is typically ignored

Wess-Zumino superpotential = ', (8-65)
All the interactions for the W-Z model are included in the superpotential 7.

Note that the W of this section in the first row of (8-60) has the same form in @, as the /¥ used in the W-Z model of (8-63)
has in ¢. That is why we used the same symbol for both in (8-60) and (8-63).

8.6 Other Forms of Chiral Superfield

This section summarizes Sect 6.5 in Aitchison, pgs. 100-105). Note we are dealing here with a general superfield, i.e., it
contains both LC and RC fields, not simply LC as we did earlier.

8.6.1 Different Forms of the Superfield Transformation

Recall the SUSY unitary operator (8-22) (repeated below) we started our investigation into superspace with, where the reason
for the subscript / will become apparent,

U,(x,0,0")=e*Fe¥0e0 (8-66)
This yielded a particular form of superfield (see (8-40))
U,(x,0,6)0(x,0,0)U, (x,06)=,(x,6,6)

U, (x,6,6)0(x00)U; (x,6,6) =0, (x* +a* —i6o"E", 0+& 6 +&). (867
But we could, instead of (8-66), have started with
U, (x,0,67)=e™Fe?Qe0 (8-68)
or
U, (x,0,6)=evrel00:00) (8-69)
If one goes through the math, one finds, for (8-68),
@, (x* +a" +ito"0", 0+&, 0"+ &) (8-70)
and then, for (8-69),
(v +a" ~Lics"0-1i6'5s, 045 0+, (8-71)

There are three types of superfield, distinguished by the change in the spacetime coordinate, which is different with each
different form for U. It turns out that if ®(x,0,0) is real, then ®..i(x, 6,6 ) is also real. In that case, however, ®; and @y are not
real. Hence, the subscript real on ®cq.

Each of the three different forms of superfield can be expanded in terms of #and 8", just as we did earlier for ®; (symbolized
by ® when we did it). When one does that one gets different terms in ¢, y, and F, and in fact with other fields beyond them (such
as i, for one, since we are no longer restricting ourselves to LC fermions).
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However, in each case there would be irreducible sets of fields, meaning that the fields in a set would only transform among
themselves, and not mix with other fields outside that particular set. For example, when we worked with @, with 8" = 0, we
found ¢, y, and F transformed among themselves, but not with .

8.6.2 The Free Lagrangian

In (8-60) we found the LC interaction terms in the W-Z Lagrangian by multiplying the superfield @, by itself once and twice,
where there #° = 0. It turns out that one can find the free Lagrangian terms in a similar way (see Aitchison Sect. 6.5), pgs 104-
105 for details) by using

(02, (x0.67) &, (x.0.67). (8-72)

real
Just as we had terms before from the F; field, and used them to find the interaction terms (see (8-60)), we get a similar result
here, but instead of F, such terms are deemed D-component terms. Doing this, one finds, where the D implies picking out the D-
component terms in the product,
AL T L
4, free, LC — 4D, P

real = real

_ohgt 5 t
D—6”¢6ﬂ¢+1;ﬂ7”6ﬂ;{+F F. (8-73)
As Aitchison shows, this can also be found via

‘[;ﬁfee,LC = J. d49 q)fe;rl q)feal . ( 8 '74)

8.7 Appendix. Reproduction of Derivation of Aitchison (6.21)

[€'Q) + £2Q,.6Q) — 601
[€'Q1 + Q2. —€7 Q) — €7Q1]
= [£"Qu. —¢"Ql]

[€-Q.¢- Q]

— ‘_E”.(\)u_f})x(v),}; + Eb*(.v)_zf”.(\)q
= €€(Q.Q) +QlQ.)
= (oM uP, Aitchison (6.21)[91]

8.8 Solution to Problem

Homework Problem 8-1. Show that the forms of the SUSY operators (8-48) and (8-51) satisfy the anti-commutation and
commutation relations of the SUSY algebra (6-9).

Ans.
[Qa’Qb ]Jr =0
[QQ,PH] = [Q;,P/J =0 repeat of (6-9)
[QQ’Q; JJr = (O-’u )ab P,u
0 =i 0 repeat of (8-48)
¢ 00°
AQAT” +5 QAT” :QAT” — Qj =—i 0 16" (O‘”)ba 0 repeat of (8-51)
00" oxt

From the first row of (6-9) and (8-48), where #¢ and @ are spinor quantities, and anti-commute, so derivatives with respect to
them anti-commute, as well.

o .0 .0 .0 o 0 0 © o o0 0 0

i +i i =— - =— + =0. (8-75
00° 060" 06" 00° 00 00" 86" 00" 00 00"  00° 06" (8-75)

[Qa’QAb]+ =i

From the second row of (6-9) and (8-48), where we note that P# equals (8-19) and that spinors (and derivatives with respect to
them) and spacetime coordinates (and derivatives with respect to them) commute,
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[Qa,Pﬂ]:ia Pﬂ—iPﬂa :.6 l.@ _iia 0 _ 0o 0 +6 0
06" 060" 00" ox" ox" 06" 00" ox*  ox" 06° (8-76)
0 0 o0 0
= + =0.
00" ox" 060" ox
From (8-51) and (8-19) once again,
Y 0 0 0 0
P =| —i——+0" (6" )p—— |P, - P,| -i——+6" (6" )1
[015.] 00" S R GV T " ox
(-2 s () il il [l (60),, L
06" ox” ) ox*  ox* 06" ox” (8-77)
o 0 b( vy O O o 0 b( vy O O
= o +9 (O- )ba v - a* (O- )ba v
00" ox" ox” ox* ox" 06 ox" oOx
P G P e [ (R L) A P
00" ox" ox” ox* 00" ox" ox” ox*
From (8-48) and (8-51), along with (8-19) again, where we note that part way through, we employ the fact that spinor derivatives
anticommute,
Aoa 0 0 0 0 0 0
T . c . c .
- = —i———+0 (0”){; +| =i —+0 (G’U)C i
0.01], 00" [ 00" " ox* ] [ 00" "oxt ) 06"
_0 ab* i0°(c"), o |4 a—m+i6’6(0”)cb 4 4
06" \ 00 ox" 00 ox* ) 06"
o 0 0 0 o 0 o 0
= —+i 6’6(0”){; + . i C(G’U)C
00" 06" 00" "ot 00" 00" "ot 06"
o 0 0 0 o 0 o 0
= — i 6’6(0”){; - . “( ”)c
00" 00" 00" "ox* 00" 06" " ox* 00"
cancels cancels (8-78)
0 0 o 0
=i——6 (") ——+i6° (") ——
Yag " T e T o b
0 0 o 0 o 0
=i o° (0”){3 — =6 (0”){3 +i6’c(0”)c
( 00° j * ox* " 00" ax* " ox* 00"
0 0
06 ox*
—i5¢ (0)y 2= (6") 12— =(5), P,.

ox* oxt
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9 Gauge (Vector) Supermultiplets

This section is a summary of Aitchison, Chap. 7, Sects. 7.1 and 7.2.
9.1 Introduction

All the SUSY we have done to here was for chiral supermultiplets (doublets for us, in N=1 SUSY), i.e., in SUSY space, the
multiplet (y, 6)7. We have yet to discuss the force carrying fields, the gauge bosons. In this section we investigate them and their
SUSY spartners, the gauginos.

In the bottom row, last two columns, we follow Aitchison’s notation where he uses 4% for both winos and gluinos and expects
the reader to glean from context which is meant.

Wholeness Chart 9-1. Chiral and Gauge Supermultiplets (N =1 SUSY)
Chiral SUSY Doublets Gauge SUSY Doublets

U() QED SU(2) Weak Isospin SU@3) QCD
¢| | scalar
X | LC spinor

4, | | photon W | | Wboson Ay | | gluon
{I// } {RC spinor} A photino 2% | | wino 29| gluino

Py

scalar

Note, one could argue that the F auxiliary field should be included (see (6-26), (6-27), and (6-28)) in the chiral multiplets,
making them triplets instead of doublets. But, as we showed in (6-25), its equation of motion is /' = 0, and it is an unobserved
“phantom” field, so we ignore it. A similar situation arises for the gauge multiplet, where we again ignore a similar phantom field
(the D field in (9-1) below) and talk of a gauge doublet, rather than a gauge triplet.

9.2 U(1) Gauge Field(s)

9.2.1 The Free U(1) SUSY Lagrangian

For the photon A%, the photino A, and an auxiliary field D, which is a real scalar, the free Lagrangian is
£ =—L+F, F* +i2'G"0,A+1D* (free) Aitchison (7.1) [106] +(7.14) [108] (9-1)
F* =0"4" -0" 4" (9-2)

The auxiliary field D is needed for a consistent theory that includes off-shell particles (propagators). For on-shell particles it is
not needed. The photino A is a spin % fermion with zero charge and is massless. It has no e/m coupling, since it is not charged.

9.2.2 Gauge and Lorentz Invariance

(9-1) is symmetric under the good old U(1) global transformation of QED and under Lorentz transformation, though we
won’t bother to show it here.

9.2.3 SUSY Symmetry Transformations Invariance (for Free Field U(1) Theory)

As shown in Aitchison, the action found from the SUSY gauge/gaugino Lagrangian (9-1) is symmetric under the SUSY
transformation set

s, A" =¢'c A+ AlGhe Aitchison (7.2) [107] (9-3)
5:A=%ic"G"EF,, +ED Aitchison (7.12) [107] +(7.16) [109](9-4)
st = —%ig"'gvaﬂng +&'D Aitchison (7.13) [107] +(7.16) [109](9-5)
S8:D = _i(g"'o‘v”aﬂ,z - (aﬂ,z)"' 5”5) Aitchison (7.15) [109]. (9-6)

9.2.4 The Free Plus Interacting Lagrangian (for U(1) theory)

Interactions in U(1), i.e., Abelian, SUSY theory are not discussed at this point in Aitchison. Instead, one moves on to non-
Abelian theory including interactions.
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9.3 SU(2) Weak Isospin Gauge Fields

We consider the three high-energy (before symmetry breaking) W* (o = 1,2,3) real SU(2) weak isospin fields and their
SUSY spartners, the three spinor fields A%, all of which are massless (before symmetry breaking). The W # are real fields, so the
A% are, as well. %= 127,

9.3.1 The Free SU(2) Weak Isospin Lagrangian

Compare the W fields of (9-7) and (9-8) with those of Klauber, Vol. 2, pg. 176, (6-48), where =G',,, there = F%,, here, as we
are employing Aitchison’s notation rather than Klauber’s.

Ly, ==L FoFY +i2%6#0,A% + L D“D*  (free)  Aitchison (7.25) [110] + D field. ~ (9-7)

a _ a a af; s . .
Fp =0WS -0W; —ge"Ww; Aitchison (7.19) [109] (9-8)

9.3.2 The Free Plus Interacting SU(2) Lagrangian

We substitute the covariant derivative Dy, (shown in (9-9) below) for 0, in (9-7). Note that D, is completely different from
the auxiliary field D% Here, it turns out (with references in Aitchison to other sources) to be (9-9), but for our purposes, we can
just consider that a good guess (as it leads to a consistent theory). Note that (9-9) differs from Klauber, Vol.2, pg. 175, (6-47) in
using & instead of gj, and in having both sfermion and boson factors, rather than simply a boson factor. This is simply because
the cited reference was for SU(2) isospin space and here we are in SUSY space, a different kind of space.

9,A% > (Dﬂ,z)“ =0,A% —ge" WA Aitchison (7.28) [111]  (9-9)
With (9-9) in (9-7), we have the full gauge SUSY Lagrangian
Lypuge = _% Fo F +ia"5"(D,2)" +%D‘7‘D“ (full £) Aitchison (7.29) [111].  (9-10)

9.3.3 Gauge and Lorentz Invariance (for Free plus Interacting SU(2) Theory)

(9-10) gives us a full Lagrangian (including all fields) that is symmetric under the electroweak local SU(2) (isospin)
transformation of high-energy electroweak theory and also, under Lorentz transformation, but we won’t bother to show that here.

9.3.4 SUSY Symmetry Transformation Invariance (for Free plus Interacting Field SU(2) Theory)

It turns out (we and Aitchison don’t show it, though) that the action obtained from the Lagrangian (9-10) is symmetric under
the following SUSY transformation set. Note the similarity to (9-3), (9-4), and (9-6).

SIH = £G4 A0 G Aitchison (7.30) [111]  (9-11)
5:2% =Lic"5 EF, + D “ (9-12)

a . +— a at — 13
5:D% =~i(¢'7" (D,2)" - (D,2)" 5¢) . (9-13)

9.4 SU(3) QCD Fields
Similar logic to that of Sect. 9.3 holds for other SU(n) theories where n > 2, such as that of strong interactions.
9.5 Raising and Lowering Operators for Vector Multiplets

Aitchison does not show it, but given that (9-10) is symmetric under (9-11) to (9-13), we would expect to continue on using
Noether’s theorem, via the steps 3 to 7 of Sect. 6.1, pg. 25, Steps to Deduce SUSY, to find the operators that transform a vector
into its sfermion partner and a spinor fermion into its gaugino partner. Surprisingly, this is not shown in Aitchison, or other SUSY
texts (that I know of). We summarize those steps below.

Step 3: The Commutation Relations of the Generators

As with the chiral supermultiplet, finding the commutation (and anticommutation) relations for the vector supermultiplet
generators is complicated and actually unnecessary for SUSY, so it is generally skipped, and we do so here. (It is a key part of
SU(n) theory development, however.)

Step 4: Use Noether’s Theorem to Find the Conserved 4-curren(s)

From (6-40), repeated below, which is the Noether current for a variation in the fields in £ via &,
0L o
u_ 0L 09

- ¢ real repeat of (6-40) (9-14)
04, 05
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where £ is a two component Grassmann variable, more precisely expressed as &;, where a = 1,2. Following steps similar to those
after (6-40), we can then find, where the subscript “vec” means we are working with the Lagrangian for the vector (gauge)
supermultiple fields,

vecjé'lUSY = Jﬂ a= 1’2 . (9'15)

vec~ a

We don’t actually do this here. Our goal is to understand the (lengthy) steps involved, so we can feel some level of comfort
with the final results, which we will just state.

Step 5: Find the Conserved Charge Operators
We then find the conserved charges (“charge operators”, to be precise)
w0 = | Jdx we O = [ Jd’x. (9-16)

Again, we don’t do this explicitly here, but we would find the ,..Q. contain certain construction and destruction operator fields
for vectors and spinors.

Note that the particular construction and destruction operators in each of .01 and ,..Q> would determine the action of those
charge operators on states. It turns out that ,..01, like Q1 for chiral multiplet (doublet), lowers spin by Y. It converts a spin 1
(vector) state into a spin 2 fermion state. .02, like (s, raises spin by 2 and converts a spin —1 state into a spin —- state.

In parallel with Qg4, both ..Q, take a higher spin magnitude state to a lower spin magnitude state, and their complex
conjugates do the reverse.

Step 6: Determine the Commutation Relations for the ,..QOg
Using (6-57) and, instead of (6-58) for scalar fields, the following for vector fields,

(7 (). (1y) | =ig,, 678 (x-y), (9-17)

one can find the commutation, and anticommutation, relations for the charges v..Q4. These parallel what we’ve seen before for
the chiral supermultiplet (6-9),

[ecQur e} ] =(0") B,

[1ecQur vec D], =0 (9-18)
[ QB ]=[ )P =00

Step 7: Determine what Effect Each ,..0, Has on States

We already found the effect of each ,..Q, on states, to some degree, in Step 5, but, similar to what we did with the chiral
supermultiplet charges, we can learn more from (9-18).

In particular, in parallel with (6-75) and (6-76), we can use those relations to show that, under either of ,..Qy, the 4-
momentum and the mass (which could be zero) of the original spin 1 state remains unchanged.

Summary
Thus, in parallel with Wholeness Chart 6-1, pg. 25, we can summarize as follows. Note that, in the chart, the particles with
opposite spins also have opposite 3-momenta, so their helicity is the same.

Wholeness Chart 9-2. The Effects of the Two Vector Multiplet SUSY Charges on States

S[Qm Particle vech vechT vecQZ vec QZT Aﬂﬁpal‘ﬁde vech vechT vecQZ vec QZT
+1 LH boson RH anti-boson
1 T
+Y%  LH fermion RH anti- fermion
) LH fermion RH anti- fermion
Tl U
-1 LH boson RH anti-boson

(Similar effects for RH vector bosons and LH anti-vector bosons)

NOTE: Many authors treat O, and ... as essentially the same thing, i.e., use 0, as an operator on both the SUSY chiral
doublet and the vector (gauge) doublet.
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10 Combining Chiral and Gauge Supermultiplets

This Section overviews Chap. 3, Sect. 7.3 of Aitchison.

We have looked at chiral multiplets and gauge multiplets separately, including interactions within each type multiplet
between fields in that multiplet. Now, we have to examine interactions between fields in one multiplet with fields in the other.
This can be done in three steps, one for each of the gauge multiplet field types.

1. Gauge fields (vectors 4, W*%,, and 4%,,) coupling to chiral multiplet fields (scalars ¢, fermions y;, and auxiliary fields
F9).

2. Gaugino fields (4 [photino], A% [wino], and A% [gluino]) coupling to chiral multiplet fields (¢, zi, and F%).

3. The gauge auxiliary fields D“ coupling to chiral multiplet fields (¢, yi, and F%).

For simplicity, this will be done first in Sect. 10.1 for Abelian (U(1)) theory with a single vector supermultiplet and a single
chiral multiplet, such as a photon multiplet and an electron multiplet. Then, this will be extended in Sect. 10.2 to i) non-Abelian
(SU(n)) theory and ii) several vector supermultiplets and several chiral supermultiplets.

10.1 U(1) Interactions between Vector and Chiral Supermultiplets

U(1) interactions in the standard model (SM), whether QED or hypercharge, have only one vector field (4, in QED or B, or
hypercharge above Higgs symmetry breaking energies). So, in the following, we don’t have to worry about more than one such
field. Each fermion in such theories would be coupled to the single vector/gauge boson, albeit with possibly different coupling
constant parameters. Hence, we can model U(1) theories with a single gauge field, represented by A, and the field y, where y
could be an electron, a muon, a neutrino, etc.

From (6-24) for the free chiral supermultiplet fields and (9-1) for the free gauge supermultiplet fields, we have the free
Lagrangian including both the chiral and gauge multiplet fields,

£=0,4"0"p+y'ic" 0, y+F'F-LF, F* +i2'5"0,4+1 D (10-1)
Ly £

We then substitute the covariant derivative for the single gauge field,

D,=0,+ig4,, Aitchison (7.31) [112] (10-2)
into (10-1), to get
£L=D¢'D"¢p+iy'c" D, y+F'F- %FHVF’” +i'5"0 A+ %DZ . Aitchison (7.32) [112]  (10-3)

Note there is 0, instead of D, in the next to last term because, as we noted earlier, A has no charge and so doesn’t interact with
the A, field of (10-2).

While (10-3) includes interactions of ¢ with 4, and y with 4,, it does not include interactions between ¢, y, A, F, and D, so
we need to include those. Any such terms must be Lorentz-invariant, U(1) gauge-invariant, SUSY invariant, and renormalizable.
Any potential interaction terms that are not can be thrown out.

Aitchison, on pgs. 112 to 116 considers possible interaction terms and eliminates all that don’t meet these criteria to arrive
at

— i T = T 1 v aat= 1 12
£L=D,'D¢+iy'c"D,y+F' F-4F, F" +il'c"0,A+5D

~V2((¢g'2) 2+ 2" (£'9)) —as'gD.
Using the Euler-Lagrange equation for the D field with (10-4), we have
0 [ oL ] oL

oxt oD

Aitchison (7.63) [116]  (10-4)

=0 — 0-D+qp'¢=0 — D=qd'¢, Aitchison (7.64) [117]  (10-5)

oD,

which, when used in (10-4), leaves us with
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_D 4 = tp_1 vite
L =D, D*¢+iy'c" D, y+F F—ZFWF” +id'c"0 A

((¢2) 24 (2'9)) -1 (o)

The first two terms in the second row of (10-6) represent the interaction between ¢, y, and A. Note it is one term plus its
Hermitian conjugate.

(10-6)

The last term in (10-6) is of the form we found in electroweak theory for the Higgs field before symmetry breaking. But,
whereas the constant (symbol A there, which is quite different from the photino A symbol here) for that term in that theory was
indeterminate (via the theory itself), here, the theory provides a value of Y4¢*, where g is the gauge coupling constant.

10.2 SU(n) Interactions between Several Vector and Chiral Supermultiplets

In considering non-Abelina interactions between several different scalar, spinor, and vector fields, we proceed as we did in
Sect. 10.1 for Abelian fields and one scalar, one spinor, and one vector. That is, we start with the free field Lagrangian, then
substitute the covariant derivative (to get interaction terms between the chiral multiplet fields and the vector gauge bosons). Then,
we determine the remaining interaction terms between the ¢, y;, A% Fi, and D“ fields, by restricting all potential terms to be
Lorentz invariant, gauge invariant, SUSY invariant, and renormalizable.

We start with the chiral multiplet Lagrangian in the W-Z model, where the free Lagrangian, including the superpotential, is
(7-1) plus (7-7) with (7-3) and (7-4), all repeated below.

Lieowz =0,810"8 + 211540, + FIF, Ly =WiF, =AW,z -z, +he.  repeatof (7-1) & (7-7)  (10-7)
2
w - =W repeat of (7-3) & (7-4)  (10-8)
o 7 0p0¢,
Lz =Licewz T Liniwz
_ ow o'w : Aitchison (7.66) [117]  (10-9)
_a 4t T t 1 .
_8ﬂ¢[8/‘¢l_ +Zilo'”ayll FF+{6¢ F - 28;75 o6 X ;(j+h.c}.

We then employ the covariant derivative for the ¢ and y; fields, where 7 are the generators of the gauge group. For SU(2)
theory 7% = Y20% where o are the Pauli matrices; and for SU(3) theory, they are the Gell-Mann matrices divided by 2.

0, D,=0,+igd;T* forboth ¢ and y, see Aitchison (7.67) and (7.68) [117].  (10-10)
For SU(2) theory, g would be the weak coupling constant; for SU(3) theory, the QCD coupling constant.
With (10-10) in (10-9), we have
ow F_l o'w
og ' 20404,

This is the chiral covariantized (employs covariant derivative) Lagrangian. To it, in order to get the complete Lagrangian, we will
need to add i) the gauge covariantized Lagrangian (9-10), repeated below, plus ii) Lorentz and gauge invariant renormalizable
interactions between the @, yi, 1%, Fj, and D fields.

<

WZ covariantized

=D, #'D"¢ + x/ic"D,y, + F'F, + { X x;+he } (10-11)

Z

gauge covariantized ~—

— L FRF +iA" 5" (D,A)" +1 D" D" repeat of (9-10) (10-12)

Aitchison (pgs. 118-119) examines all possible Lorentz and gauge invariant renormalizable interactions between the ¢, i,
A%, Fi, and D“ fields, which could be added to (10-11) and (10-12) to get the complete Lagrangian. Upon doing this, he finds they
equal the second row in (10-13) below, and thus arrives at a complete Lagrangian of

L=1

WZ covariantized

+ /L

gauge covariantized
g (g7 7,) 27 + 27 (£]779)) - 2 (#/774,) D"

more transparently expressed as

Aitchison (7.72) [119],  (10-13)
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2
GWF[_% ow XX + h.c.
o¢, 0¢ .09,
~LFL R +in e (DAY +LDD” (10-14)

(9177 )- 27+ 2 (7)) s (479 ) D

£ =D,¢!D"¢,+ 4lic" D,y + F'F, +{

Using the Euler-Lagrange equation in D%, parallel to what we did in (10-5), we find
D" =g ¢IT%, Aitchison (7.73) [119], (10-15)
J

which, when substituted in (10-14), leaves us with

ow ow o'W
L =D, ¢/D"¢+ 41ic"D, y, + FF,+— F+F*[ j L 2Z 4y +he
“ ! o4, o, 20¢ 09, " " (10-16)
e R via e (D,A) 2677 ) 27 w27 (T8 - (AT 0) (4779, )
With the Euler-Lagrange equation again for Fi, we find
;
W_ g o [P g, (10-17)
o4, ¢,
Substituting (10-17) in (10-16) and re-arranging (10-16), we get
0
£ =D ¢/ D" + ylic"D +m +]-1 ow_ .. +h
—uti T A 1O /IZI i i i 28¢8¢ Xi /’{j -C.
~LEgE 125 (D,4) g (6777 ) 27 + 27T (1 T79,)) (10-18)
-F'F -1 (00 (9]779,).

where we have isolated what is effectively the potential V of the scalar field(s).

It is implicit in (10-18) that there is only one gauge field, presumably either the three W,* of SU(2) theory, the eight gluons
of SU(3) theory, or the B, of U(1) electroweak high-energy theory. So, we can generalize (10-18), where the subscript G designates
the particular gauge fields, repeated G implies summation over gauge field types, and we use (10-17) in the last line to get

£ =D ¢'D"¢ + 4lic*D y +]-1 oW +hec.
=D, 4/ D"¢ + x;ic"D, 1, 2340 ¢Z; Xt
AllF;vFéW +iA"' ( ) ((ﬂTg%)'ﬂa +277 (Z;TC?C’),)) (10-19)
{2y (gnza)(olres,)
og,
With (7-2),
W=LMbo; + 1604, repeat of (7-2), (10-20)

in (10-19), we find
£ =D, 4D "¢+ 71i5"D, 1, + { LN RIS S AP Y c}
~ LR F +id G4 (DAY 28 (4172 7,) 2% + 277+ ;(,ingqsi)) (10-21)
113416, - (V,00,) (T~ 42 (4724 (4729))
~Viad!)
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Note again, that somewhat similar to the U(1) case of Sect. 10.1, the coefficient of the last ¢* term is fixed by the theory,
though the coefficient of the term before that in ¢* has coefficient(s) that are not fixed by theory.

Bottom line: (10-21) is the complete SUSY Lagrangian (for Wess-Zumino theory) including the chiral supermultiplet, the gauge
supermultiplet, and all interactions between all of the fields therein, for all particle types in the SUSY extension of the SM.

The gauge field (U(1), SU(2), and SU(3)) interactions with other fields are in the covariant derivative D, of (10-21). Interactions
between other fields are found in the other terms, such as the last term in the second row, which, represented in Feynman diagrams,
would have a photino A%, a LC fermion y;, and a scalar ¢ at a vertex.



